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Abstract

The stability problems for equilibrium standard “double bubble” and “double drop” configurations are considered. Recent work has shown
that a double bubble is stable to volume-preserving perturbations. In this paper, the stability to perturbations that do not conserve the volume
of the individual bubbles is examined. It is shown that a double bubble shape is also stable to these perturbations and, thus, is stable t
arbitrary perturbations. The analysis is based on the principle of minimum total energy. A variational principle is used to formulate the
stability problem for an equilibrium double drop configuration formed under zero gravity by two drops of immiscible incompressible liquids.

0 2003 Elsevier Science (USA). All rights reserved.

1. Introduction other work dealing with the double bubble problem can be
foundin Refs. [1,2].

It follows directly from the above theorem that an equi-
A double bubble may be formed when two soap bubbles librium double bubble is stable to perturbations that keep

come intq contact. Equiliprium standard douple bubple the volumesv1 and v, fixed. Indeed, the double bubble’s
configurations are shown in Fig. .1. Thg three mFersectmg potential energylJ,, is proportional to the configuration’s
surfaces that comprise the configurations consist of two total surface area. On the other hand, the enéfgyoin-
spherical segments that meet a third surface at equal 120 .ijes with the system total energ, in the case of fixed;
angles. The surface separating the two equidimensionalyng,, Consequently, the minimum of the film area under
bubbles (Fig. 1a) is a plane circle, while for bubbles of he constraint of fixed; andv, is equivalent to the total en-
unequal volumes (Fig. 1b), the surface is a spherical segment gy minimum, and thus, to the stability of the double bub-
that bows into the larger bubble. In this paper, we consider pje.

only these standard [1] configurations. Nonstandard double  Note, however, that the volumes and v, could be sub-
bubbles, where one bubble envelops another, are alwaysect to perturbations that allow the volumes to vary. In this
unstable. Recently, Hutchings et al. [1] proved tloeible case, the expression for the total energy functiafiac-
bubble conjecture that the equilibrium standard double counts not only folJ,, but internal energy of the gas as well.
bubble “provides the least-area way to enclose and separatéThe stability of double bubbles to general perturbations that

two regions of prescribed volume” in Euclidean 3-sp&e, may not be volume-conserving is examined in this paper. To
The theorem statesn R3, the unique perimeter-minimizing study the stability, we assume that changes in the gas state
double bubble enclosing and separating regions 21 and £2; occur such that the pressures and the volumes in the initial
of prescribed volumes vy and v, is a standard double bubble and final states are related through a polytropic process.
consisting of three spherical caps meeting along a common It may appear that the theorem of Hutchings et al. proves

circle at 120° angles. (For equal volumes, the middle cap stability of a doubledrop formed by two immiscible incom-
is a flat disc.) Details of the proof are presented elsewhere pressible liquids under zero gravity. In this case, the en-
[2]. For the particular case of equal volumes,= vy, the ergy functional consists only of the surface potential energy

conjecture was proved by Hass et al. [3,4]. References to(E = Uaq). However, this potential energy is a linear function
of areas of three interfaces (“liquid 1—gas,” “liquid 2—gas,”

and “liquid 1-liquid 2") with different factors that represent
* Corresponding author. the corresponding interface tensions. The potential energy
E-mail address: ida2@po.cwru.edu (J.1.D. Alexander). cannot be proportional to the total area of the interfaces.
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Thus, double drop stability does not necessarily follow from outlined above, a double bubble is stable to nonaxisymmet-
this theorem. ric perturbations because they do not affect the volumes

To investigate the stability of a double bubble to non- andwv». Thus, the stability to axisymmetric perturbations re-
volume-conserving (nonisochoric) perturbations (see Sec-mains to be investigated. The analysis of the corresponding
tion 2), we consider the sign of the minimum value of the spectral problem has been performed. The result is that the
second variation§?E, of the bubble’s total energy. This co-  shape of the double bubble is stable to axisymmetric pertur-
incides with the sign of the smallest eigenvalue of the as- bations (translations of the bubble along its axis of symmetry
sociated spectral problem for all admissible perturbations. are neglected). Consequently, the equilibrium double bubble
The spectral problem is split up into problems related to ax- is always stable.
isymmetric perturbations and a sequence of problems related  As regards the stability of a double drop, we examine a
to nonaxisymmetric perturbations. According to the theorem variational formulation of the problem. The expression for
82U, and the associated spectral problem are presented in
Section 3.

2. Equilibrium and stability of double bubbles

Itis assumed that the bubble surfaces envelope the simply
connected region®; and 2, that are occupied by gas and
that the double bubble surfaces are surrounded by a third
region 23 occupied by the same gas (Fig. 2a). The liquid
film separating these regions is assumed to be homogeneous.
The interface betweef2; ands2; (see Fig. 2a) is denoted by
I i #£j#k i, j,k=1,23), and the liquid—gas surface
tension iso.

(®)

“w
YN

Fig. 1. (a) Equal volume and (b) unequal volume standard double bubble ©)
configurations. (Courtesy J.M. Sullivahitp://www.math.uiuc.edu/~jms/
images/double/Published with permission.) Fig. 2. Geometry of a double bubble.
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2.1. Equilibrium conditions

The equilibrium conditions for such a double bubble

configuration are obtained from the stationary total energy

functional,E. The variation ofE is
3
SE=08Up— Y _ Pidu;.
i=1
Here, U, is the potential energy of a double bubble and

1)
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to (5), the surfaceg; are spherical segments with radij
(i =1, 2,3) and it follows that

Hy=-1/R;1, Hy;=1/R>,

H3= (R>— R1)/R1R>. (7)
The last equality can also be represented as
H3=1/R3 if R >Ry and

H3=—1/R3 if Ro < R1. (8)

andv; are, respectively, the gas pressures and volumes ofHereafter, we will assume th& > R1 (Fig. 2).

the regions2; (i = 1, 2, 3) defined above. The quantities
dv; are the variations of the volumes (i =1, 2, 3). If | T3]
is the area of ;, the potential energy;, has the form

3
Up=20) |I}|. )
i=1

There are two “gas—liquid” interfaces for each film sur-
face I';, hence the factor 2 in Eq. (2) (see, for example,
Refs. [5,6]). If each point on the surfadé with a radius
vectorr is displaced by a small vectér, the first variation,
83Uy, of the potential energy is [5]

3

5U;,=202<—/2Hin,~ -8rd1*+/e,~-8rdy>. 3)
Y

i=1

Here, H; is the mean curvature of the surfafg n; is the
unit vector normal td’;; y is the contact line of the surfaces
I, I';, andI3; ande is a unit vector normal tgr that lies
in the plane tangential td; and is directed outward from
I; (Fig. 2a). We assume that is directed frome2; to £2.
Fori =1, we choosg = 2, k = 3. For otheri, the values
J andk are determined by cyclic permutation (see Fig. 2a).
Direction of n; is important for determination the sign of a
curvature. Note that, the curvature of a normal sectiof;of
is taken to be positive if this section is concave in direction
of n;, i.e. is convex toward the domaim; .

The variation of each gas volume is

—/nj-ardF+/nk~8rdF

r; Iy
(=123 j=231 k=312

Sv;

(4)

Finally, the equalityd E = O leads to the following equilib-
rium conditions:

40H;=—P;+ P, (onl})
(i=123; j=231 k=312,
e+e+e=0 (ony).

(®)
(6)

2.2. Characteristics of the equilibrium configuration

Equation (6) indicates that surfacés intersect at 120

angles (Fig. 2b). This property is known as Plateau’s rule [5].
Equations (5) are the Young-Laplace equations. According

The volumesv; and vz determine all parameters of the
system. We choos®, as a characteristic length and intro-
duce the radius ratio

K = R1/R>. 9)
Considering the relations

R1SinB1 = Ry SinB2 = R3sinfs, (10)
B1+ B2=4n/3, (11)
B2—B3=2r/3 (12)

between radiiR1, Rz, R3 and polar angleg1, 82, B3 of the
spherical segmentg;, I, I3 (see Fig. 2¢), we can express
other parameters of the system as functionk &nd R>:

R3=R2K/(1-K), (13)
cospr = f1(K)=(1-2K)/(2V/1—- K + K?), (14)
cospz= fo(K)=—(2—-K)/(2V/1—- K + K?), (15)
cospz= f3(K) =(1+K)/(2V1— K + K?), (16)
1
v = énRS{a — 2?2+ f2)
— K31~ f3)%2+ f3)/1 - K)3}, (17)
1
vy = énR§K3{<1— %2+ f)
+ 1 - f3)%Q2+ f3)/(1- K)3}. (18)

For givenv; andvz, we can first calculate the valu&sand
R from (17) and (18), and then the radii, Rz and angles

B1., B2, B3 from (9), (13)—(16).
2.3. The second variation of the total energy

For a polytropic process we havgv! = ¢;, wherec; is a
constant ana is the polytropic exponent. Hence
nPi
Vi
Variation of the expression (1) féi£ and accounting for the
equality (19) and the equilibrium conditions (5), (6) yields

3
=20 Z/S(ZH,»)ni srdrr

i=11—~i

8P 8vj. (29)

§°E

P.
2 sun)2.

(20)

Vi

3 3
+za/(25e,~) rdy +Z
i1 i=1

14
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We use the expression f6(2H;) presented in Ref. [7] and
(A.7), the expression fose; developed in Appendix A, to
get

—5 E=— Z/(AN, R ,~>N,»dr

3
N,
+/[ +H,»hl-)Ni]dy

dN;
> (5
Y

i=1

3
1
+ EZTi(svoz (21)
i=1
Here,
Ni=n;-ér (rel}), hi=¢-r (rey),
T; =nP;/(ov;), (22)

A; is the Laplace—Beltrami operator di, ands; is the
arc length of the section df; orthogonal toy measured in
the directiong; . Finally, substituting the expression forin
terms of N; and Ny

hi = (=N; + Ny) cot(2r/3), (23)

and assuming thafs is negligible (because; is infinite or
large compared to; andvy), we obtain

3 2
_Z AiNi‘i‘P
i=1p i

+/[3

Z(BN,
5 Li=1 dsi

Nl-)NidI"

V3

— Hi(= N+Nk)> } 14

1 1
+ ET1(8v1)2 + §T2(5v2)2- (24)

2.4. Spectral stability criterion

According to the principle of minimum total energy, the
equilibrium state of the system is stable if the minimum
value of §%E over all admissible perturbations is positive,
and is unstable if it is negative [7]. We can show (see
Appendix B) under the normalization condition

3

Z/N?dr:l

i=11—~i

(25)

that the minimum value of the quadratic functional (24) is
equal to the smallest eigenvalue= 1* of the following
problem:

2
—A;N; — PNi +&=AN; (onl;, i=1273), (26)
i
N dN:
4 M 8 4 xaN3) =0 (ony), (27)
ds1 ds3
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dN: JdN-:
22 1 xaN2 <—3+X3N3 =0 (ony), (28)
ds2 053
N1+ N2+ N3=0 (ony), (29)
1 1
&= §T28v2=ETQ(—/N3dF+/N1dF), (30)
I3 I
1 1
é}-‘z:—§T15v1:—§T1<—/N2df+/N3dF>, (32)
I I3
E3=—&1—&. (32)
Here,
V3
Xi = ?(Hj — Hy)
=123, j=2,3,1 k=3,1,2). (33)

A double bubble configuration is stableiif > 0, and is un-
stable ifA* < 0. Note that, according to the boundary con-
ditions (27), (28), the perturbed surfadésintersect at 120
angles under perturbations corresponding to eigenfunctions
of the spectral problem.

The spherical segments;, I», and I'3 are symmetric
about thez-axis (Fig. 2c). We choose the azimuthal argjle
and the arc lengtky of the axial cross section as curvilinear
coordinates on spherical segmént The operator; on I}
then assumes the form

cot 1)L 4
R; ) 0s;

The search for solutions in the form

1 92
R? 902

32+1
R;

A=
' 8sl.2

(34)

Ni = io(si) + Z [Wim (si) COLmB;) + @im (si) SiN(MO;) |
m=1 (35)

leads to a sequence of one-dimensional boundary-value
problems foryio, ¥im, and i, (m > 1). The following
problem corresponds to axisymmetric perturbations:

, 1
1701/0_ FCOI(R >w10 R2¢10+§z )‘WIO
, d :
< =—; 0<si < RiBi; l=1,2,3>, (36)
ds;
(wio + Xll/flo)slleﬂl - (1//:/30 + X31//30)S3:R3/53 = 0’ (37)
(Wéo + X21/f20)s2:R2ﬂ2 - (1//:/30 + X31//30)S3:R3/53 = 0’ (38)
V10(R1B1) + Y20(R2B2) + ¥30(R3p3) =0, (39)
R3f3
.83
1= 7TT2< — R3 / ¥30(s3) SlnR— ds3
3
0
R1B1
.81
+R / Y10(s1) Sin R d81>, (40)
1

0
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Rof2 ) 4 1
£ = —7rT1<— Ro | vao(s2) sin;—zzdsz -Gt (SlRl)é[l_ 1 +2m(1_ &
+ R3 b/ V30(s3) SinR_33 dss), (41) + (2R ;‘ i K)4f4( — f3 =0, (49)
f3=—f1- 6. @) st (@Rl i K)4f4( —f9

The sign of the smallest eigenvalug, of this problem de-

termines whether the system is staplel > 0) or unstable + (ngf)‘_lf4[_4(1 — )+ ———= (1 f3)

(o1 < 0) to axisymmetric perturbations. The problems for 37K 1-K)

the functions/;,, (s;) andg;,, (s;) (1 =1,2,3;m=1,2,...) 2 —0 (50)

that correspond to nonaxisymmetric perturbations need not CxTKA| T T

be considered. According to the theorem proved in Refs. [1] : . .

and [2], a double bubble is stable to such perturbations be_Here, the following notation has been used:

cause they are volume-preserving, i®y = vy = 0. The fa(K)=1—K + K?, f5(K) =v1/v2, (51)

latter result follows from Eq. (4) written in the form T = RATy (52)
= R3T1.

/ Nj(@j,Sj)rj(Sj)dede
0
R

+ / Ni Ok, s)ri (si) dbr dsy, (43)
0

wherei =1,2,3;j=2,3,1;k=3,1,2; andN; is given by
Eq. (35).

2.5. Analysis of the spectral problem

To investigate an existence of critical staig; = 0) we
takeAr =0 in Egs. (36). The solutions of (36) far= 0 are

Rz
=C; cos(R ) ~I—€, (i=1,2,3; C; =consj. (44)

The condition that a nontrivial solution of (46)—(50) ex-
ists is identically satisfied because Egs. (46)—(48) are lin-
early dependent. That i,= 0 is always an eigenvalue for
problem (36)—(42) independent &f, T, andn. This eigen-
value corresponds to axisymmetric perturbations that cause
a rigid body translation of a double bubble along thaxis.
Clearly, the double bubble equilibrium is indifferent to such
a translation. In order to ignore displacements alongzthe
axis and consider the stability of tiseape of a double bub-
ble we impose the following restriction: Perturbations must
leave thez-coordinate of the double bubble’s mass center
unchanged. That is,

8 / zd.Qz/ledF—/zdeon. (53)
£21U822 I I3

Together with Eq. (44) the above condition takes the form

Substituting the expressions (44) into (37)—(41) and using C1K3E(1_ f12) — }(1— ff)}

(42) together with
To = T1(v1/v2)" ™ (45)

yields the following system of equations f61, C2, Cs, &1,
andés:

i1 1
—C1+C3— (SlRl)E[fl + mfs}

1

_ (ng%)m]% =0, (46)

C2+C [ —
—C2+C3— (&1 1)mf3

17 1 1
_ (ng%)i[ﬁfZ*l-me} =0, (47)
alf 1
Cifi+Cafo+ Cafz+ (E1RY) 2[1 (1-— K)Z}
A1[ 1 1.
+ @le)z[ﬁ - m} 0 ‘o

+C2[1(1 13— (1 fz)}
+ (@R [(1 -5 fl)}

@R 50~ - 3= )| =0 6

To obtain a system of five linearly independent equations
with respect taC1, C2, C3, &1, andé,, we replace one of the
equations (46)—(48), say (48), with the condition (54). Let
D(K, T, n) be the determinant of the resulting system. Then
the equality

D(K,T,n)=0 (55)

is the necessary and sufficient condition for some eigenvalue
of problem (36)—(42) with the constraint (53) to be equal to
zero. For givenk andn, (55) is a quadratic equation that
gives two possible values df that correspond ta. = 0.



L.A. Sobozhanin, J.I.D. Alexander / Journal of Colloid and Interface Science 262 (2003) 212-220 217

Table 1 As the data in Table 1 suggest, this value, obtained an-
Critical values of the parametet for alytically, is the limit for the sequence of calculatdtf
n =1 and different radius ratiok as K — 1. (This might be considered as circumstantial
K T* evidence that our approach is valid.) Note that the critical
ot 0.3183 value of T for K = 1 determined by (56) is valid for any.
0.1 0.3183 It now remains for us to comput® and compare it with
0.2 0.3183 T*. We get
0.3 0.3184
) 0 renti =2 (4 5) )
0.6 0.3216 Zov1 @
0.7 0.3250 The value ofwr = v1/R3 decreases from#4/3 to 9r/8
0.8 0.3309 : ;
09 03422 when K increases from 0 to 1. SincePs > 0, we have
1.0 0.3537 T > 0.9549 forK > 0, and we can conclude that> T*
for 0 < K < 1 forn = 1. This means that the double bubble
is stable to axisymmetric perturbations for akiyand any
Since o1 increases Wit (see expression (24) f@PE), n (1< n < n). From this result and the result publlished in
the larger root(T = T*) corresponds td.o1 = 0, and we RteEI[l] we can conclude that the double bubble is always
stable.

conclude that the double bubble is stable to axisymmetric
perturbations iff > T*, and is unstable it < T*.

A polytropic process is generally nonisothermal. For an
ideal gas,P;v; = N; R, ©; (here,N; and®; are the number
of moles and the temperature§gy, andR,, is the universal
gas constant), the process must be isothermatat , while
for n # 1 the process is nonisothermal. For the system under
consideration, the regiaf23 with the relatively large volume
v3 serves as a thermal reservoir. Thus, any deviation from
the equilibrium temperature®; or @, will lead to heat
transfer between regio3; or £22 ands23, respectively. The
guestion is—how rapidly does the process associated with

3. Doubledrops

For weightless double drops we will use the notation
introduced in Fig. 2a for double bubbles except that domains
£21 and£2, are now occupied by immiscible incompressible
liquids and are surrounded by a gas (domalg). The
equilibrium and stability conditions follow from stationary
and minimum principles of the total energy that coincides
with the potential energy of drops,

the perturbation occur? A process that occurs slowly will be 3

isothermal. For an extremely rapid process, where there isUs = Zdz 13| (58)
no time to transfer heat from the interior of either bubble, i=1

the process is essentially adiabatic. Thus, for the systempere,o; is the surface tension aff.

£ = Ji_, ©2i under consideration, the exponenties in Since the liquids are incompressible, volunegsv,, and

the interval 1< n <, wheren = ¢, /c, is the adiabatic 3 of the regions21, £2,, and$23 remain unchanged under
exponent, and,, andc, are the gas-specific heats at constant perturbation, so that

pressure and volume, respectively.
It follows from (24) and (22) thako1 increases with. Sv; = — / N;dI' + / NidI'=0
We consider the case= 1 that corresponds to the lowest

- . I
level of stability. The cumbersome expression f@erand
roots 7* of (55) at fixed values o, 0 < K < 0.9, and =1 2’ 3Jj=23Lk=312. (59)
n = 1 were obtained using Mathematica [8]. ValuesTof Equations (59) impose restrictions on the admissible pertur-
are presented in Table 1. Two of these values o 0.5 bationssr. From the variation of the potential energy and the

and 0.9) were verified by independently calculating all the constant volume constraint foy we get
elements of the determinant for a giv&n then computing 3
the coe'ff|C|ents in the expression fd(T), and finally 8Ud—ZPi8vi -0 (60)
calculating the roots of the equati@an7T) =

Equation (55) has a singularity & = 1. Therefore, ) o
the case of equidimensional bubblés= 1, was analyzed where P; is the Lagrange mult|pI.|er that represents the
separately. In this case, all five algebraic equations assumdréssure in the domai;. Equation (60) leads to the
the form & + £ = 0. To find value ofT*, we substitute  folowing equilibrium conditions:
N1=£1R5/2,No = —£1R5/2, andN3. =20 into (24)anduse  ;op. — P+ P (oI}
the fact thatly = 7T». Then the equality<E = 0 reduces to (=123 j=23.1 k=3.1.2) (61)

T* =10/(97) = 0.35368 (56) o181+ 0262+ 03e3=0 (ony). (62)
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o3

Q3

Fig. 3. Double drop geometry.

Equation (62) can be satisfied only if

(=123 j=2,3,1, k=3,1,2). (63)

0; <0j+ 0%

When the conditions (63) are fulfilled, Eq. (62) determines
the dihedral angles; formed by domains2; along the
contact liney (Fig. 3),

2 2 2
of —oj —o;

200
@i=1,23;, j=2,31, k=3,1,2).

cosy; =
(64)

Conditions (64) are valid for any equilibrium configuration
involving the common contact line between three immiscible
fluids (one of them may be a gas); see Ref. [7]. Dihedral
anglesa; depend on values of surface tension on all three
interfacesl;, unlike the case of double bubbles wheje=
27 /3.

According to (62), surfaces; are spherical segments of
some radiiR; (i =1, 2,3), and

Hy=—-1/R1, Hy=1/R>,
H3z = (01R2 — 02R1)/03R1R>. (65)
The last equality can also be rewritten in the form
1
H3=— if (c1R2 —02R1) >0 and
R3
H3=—— if (01R2 —02R1) <O. (66)

Instead of relations (11), (12), (17), (18), we get respec- bi

tively

Br+B2—a1—a2=0, (67)
B2—pB3—a1=0 (if H3>0),
B2+ B3—a1=0 (if H3<0), (68)
vy = %nRS’{ (1 — cosB2)%(2 + cosho)

- %[1 — costpz — an) |

x [24 cogB2 — al)]}, (69)

L.A. Sobozhanin, J.I.D. Alexander / Journal of Colloid and Interface Science 262 (2003) 212-220

1
sin3(oc1 + a2 — B2)
x [1 - costa1 + a2 — )]
x [2+ coSay + a2z — B2)]

[1- cosBz — an)]?

1 .
vy = énRg’sm?’ /32{

+ -
sin’(B2 — a1)

x [2+4 cogB2 — a1)] } (70)

For givena1, a2, v1, andvz, we can calculate the valués
and g, from (69), (70), and then the valu@s, R1, 3, and
R3 from (10), (67), (68).

The second variation of the potential energy is

3
2
52U=—Za,»/(AiN,»+F>N,»dF
i=1 7

o[z

14

oN;
as;

H;
Sinal’

+

x (=Njcosa; + N COSOlk)i|N,' } dy. (71)

The spectral problem associated with the minimum of the
functional (71) under the conditions (25) and (59) assumes
the form

2
—AiNi = N+ =N, (onl} =123, (72
i
IN: JdN:
<—1 +b1N1> — <—3 +b3N3> =0 (ony), (73)
051 0s3
JdN.: JdN-:
gt +boNo | — s +b3N3 ) =0 (ony), (74)
952 0s3
01N1+02N2+03N3=0 (ony) (75)

with the additional requirements (59). Here we have used the

notation
2 2
'_1 H; 0; =0} n H; oj H, oy (76)
_2 sinai 00k sinaj Ok sinak og] '

In contrast to problem (26)—(32) whete (i =1, 2, 3) are
expressed by relations (30)—(32), unknown constants
entering into (72) are determined from the conditions (59).
Here,u1 + u2 + u3z = 0 and of the three conditions (59) it
is sufficient to consider two.

With the expansion (35), the stability problem can be re-
duced to a set of spectral problems. It suffices to analyze
three of them. These problems are associated with the fol-
lowing types of perturbations: axisymmetric perturbations
that satisfy the condition (53), first-harmonic perturbations
(m = 1) that leave the mass center on thaxis, and second-
harmonic perturbationgn = 2).
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proven theorem that a standard double bubble is stable to
perturbations that preserve the volume of each component
(Refs. [1,2]), then our result leads to the conclusion that the Appendix A. Variation of the vector e;
shape of a standard double bubble is linearly stable to ar-

bitrary perturbations. The observed relatively short lifetime ~ We denote the unit vector of the tangenttdy

of the double bubble can be attributed to the same reasong _ - o (A1)
that a single soap bubble or film is short-lived. Many fac- e '
tors (drainage, evaporation, diffusion of the gas through film and consequently
surfaces, the surfactant concentration, etc.) may cause the

) y 66 = (6t x n;) + (t x én;). (A.2)

double bubble to collapse (see, for example, Ref. [5] for de-

tails).

Formally, a double bubble is stable for any polytropic
process withn > 1. However, the conclusion on stability
cannot be extended to the more general case of 0.
Our calculations fom = 0 have shown thaf*(K) > 0
(0< K £1). SinceT(K) =0 atn =0 (see (57)), a double

There is a correspondence between the equilibrium and
perturbed interfaces such that at each poiaty the vector

8r will belong to the plane orthogonal o, i.e.t - dr = 0. In

the variation of a vectoA; that is defined ory and relates

to I';, we take

bubble is unstable for = 0. This means that a double O —%1f T826,  dr=Nifi,  &or =hie (A-3)
bubble will be unstable for any polytropic process with and accordingly
n < 0. For polytropic processes with<0n < 1, equidimen-
sional bubbles X = 1) are stable provided > 5/(16 + 8A; = 81A; + 52A;. (A-4)
4P3R2/0) (see (56), (57)). Note, however, that for the wWe have
system under consideration, polytropic processes with IN; IN; IN;
outside the interval X n < n are physically unfeasible. it = ?ni’ d1n; = ryal b ?t’

The stability analysis was based on the principle of min- ON, !
imum total energyE and was realized through an analy- §;e; = —'n;, (A.5)
sis of the sign of the minimum value of the second varia- Si
tion 82E over all admissible perturbations. The associated
spectral problem employed for this purpose was solved nu- s,t — 8_h"el. +h; (E nl.)nl.’ Son; = —Hih;€,
merically. It follows from the published result [1,2] that the It it
most dangerous perturbation'i's one that takes an originalg 6= —%t T Hihn;, (A.6)
double bubble to another equilibrium double bubble corre- ot
sponding to the new values of the volumgsandv,. How- se = —%t + (Hihi + %)ni_ (A7)
ever, the direct calculation of?E over such a perturba- ot dsi

tion leads to an expression too cumbersome for analytical Here, r ands; are the arc lengths of the line and of the

analysis and so would require numerical analysis. Becausesection ofl; normal toy measured in directions ofande;,

of this, we adopted the general method described in the pa-respectively. It is taken into account in the second formula in

per. (A.6) (and consequently in the third formula in (A.6) and in
The same method was used to investigate the closely re-(A.7)) thatI; represents a spherical segment.

lated stability problem for a double drop under zero gravity.

In this case, the type of dangerous perturbation cannot be

predetermined. The mathematical formulation of the prob- Appendix B. The minimum valueof (26)~'§°E

lem for general perturbations was presented, and the pos-

sible method of solution was outlined. The solution of this

problem in the general case remains open because a doubl

drop system has many parameters (much larger than those 3

for a double bubble system). However, pecific values of Z/[(—A,»Ni - %Ni) - ANZ}(SNZ- dr
the parameters, the solution can be obtained. i=1p, R;

The minimization of the functional (24) under restriction
£25) leads to the equation
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3
1 aN; /3

y i=1
_ 3
3

(HjN; — Hka):|5Nl' } dy

1 1
+§T25v2/5N1dF— ET15U1/5N2dF
I I

1
+§(T18v1— T25v2)/8N3dF=0, (B.1)

I3
where is the Lagrange multiplier corresponding to condi-
tion (25). It follows from the equatiom; + nz + n3 = 0,

equivalent to (6), that opr the quantitiesV;, and alsas N;,
are connected by the relations (29) and

8N1+8N2+S8N3 =0, (B.2)

Expressing N3 in terms ofs§ Ny and§ N2, and using (29), we
represent the integral with respectjtahat occurs in (B.1)
in the form

IN N
2/ 4 N ) = (2 + xaNs) [sNidy
051 ds3
v
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dN oN:
+ 2/ <—2 + X2N2> — (= + X3N3> 8Nady,
052 as3
Y

(B.3)
with x; values given by Eq. (33). The spectral problem (26)—
(32) then follows from (B.1)—(B.3).
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