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The equilibrium and stability of a liquid that partially fills a cylindrical container with planar ends

are examined. It is assumed that the free surface is axisymmetric and does not cross the symmetry
axis of the container. Particular attention is given to the case where gravity is parallel to the
cylinder’s axis, and where the free surface has one contact line on the lateral cylindrical wall and the
other on one of the planar ends. The equilibrium configuration of such a surface is determined by
the wetting angleg, the Bond numbeiB, and the relative volumé/, of the annular region bounded

by the free surface and the solid container. Shapes of stable and critical surfaces have been analyzed,
and the stability regions for arbitrary Bond numbers have been obtained in-theplane. The

shape and stability problems for a zero gravity configuration with both contact lines on the lateral
wall of the cylinder are also studied. In addition, the stability of a free surface with at least one
contact line coinciding with the edge formed by the lateral wall and a planar end is discussed.
© 1999 American Institute of Physids$1070-663199)00812-(

I. INTRODUCTION bility of the configuration are influenced by the existence of
a cylindrical wall. Our investigation is motivated by basic
This paper concerns the shape and stability of axisymscientific interest and practical considerati¢sisice cylindri-
metric equilibrium configurations of a liquid that partially cal vessels are commonly used containgesirthermore, the
fills a circular cylindrical container with flat ends orthogonal selection of the configurations we examined was also guided
to the cylinder’s axis. Either the liquid is subject to a steadyby the possibility of melt detachment from the container wall
axial acceleration field or zero gravity conditions are as-during directional solidification by the Bridgman method un-
sumed to prevail. The free surface is assumed to be corder low gravity conditiong?
nected i.e., it consists of one piece. The shape and stability of First, we focus attention on free surfaces with contact
simply connected axisymmetric surfacése., the surface lines located on smooth solid surfaces. These are free sur-
crosses the cylinder's axis of symmetiyave already been faces with one of the contact lines on a flat endwall and the
studied. The stability of a simply connected surface in con-other on a lateral wall, and free surfaces with both contact
tact with a smooth cylinder wall has been analyzed bylines on a lateral wall. It is assumed that the container mate-
TyuptsoV (see also Ref.)2 The stability problem for a sim- rial is homogeneous and, thus, the wetting anglis con-
ply connected free surface in contact with a smooth flat endstant over the entire solid surfacéAnnular free surfaces
wall is identical to the stability problem for a bubbler a  with both contact lines on one of the cylinder’s flat ends
drop) on a horizontal plane. This classical problem has in-cannot exist under this assumptipithen we analyze cases
spired many publicationgsee, for example, Myshkist al,> ~ where at least one of the contact lines coincides with the
Michael? and Finff for results and references edge formed by the cylindrical wall and one of the flat ends.
Here we consider the shape and stability problems for It is assumed that the annular region between the walls
doubly connecteftee surfaces. A doubly connected axisym- of the cylindrical container and the free surface is occupied
metric surface is an annular surface. That is, it does not crod®y a gas. With the help of duality concefitee Ref. 2 the
the cylinder's symmetry axis. Until now, doubly connectedtreatment of such a liquid—gas system can be extended di-
surfaces have only been studied for cases where the fré@ctly to a system for which the relative positions of the gas
surface has contact lines on different flat ends of the conand the liquid are reversed. This is achieved by replacing the
tainer. This case is identical to a liquid bridge between horiWetting anglea with the supplementary angle 180&. To
zontal parallel plate¢see Refs. 2 and 5—L0However, like — account for the reversal in sign of the density difference that
the above-mentioned case of a bubf@ea drop on a hori- results when changing the gas-liquid positions the orienta-
zontal plane, it does not account for the effect of the geotion of the gravity vector must be reversed.
metrical properties peculiar to a cylindrical container. Thus,  Aside from the wetting angler, the system under con-

there is a need to Study prob'ems where the Shape and Sﬁderation is characterized by relative volume of the gﬁs,
and the Bond numbeB. They are given by
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12 Here,b=pg/ o, qis twice the mean curvature of the surface
rr2*|s=52 atz=0, andB=(s) is the angle measured from theaxis

to the tangent to the equilibrium profile directed in the sense
of increasings. It is assumed that the domain occupied by
the liquid remains to the left as one moves along the profile

s=5;=0 in the direction of increasing. The endpoints (s;), z(s;)
andr(s,), z(s,) must belong to the axial section of a cylin-
+920 drical container. Furthermore, if the contact lines lie on
B0 smooth solid surfaces, the slopeith respect to the solid

walls) of the equilibrium profile at the endpoints must corre-
spond to the tangent of the given wetting anglérhe quan-

tity g is determined by the condition that the annular region
bounded by the equilibrium surface and the container has a
given gas volume.

0 . : .
+g< B. Stability of doubly connected axisymmetric
B<0 equilibrium surfaces

According to Ref. 2, the stability problem for doubly
connected axisymmetric free surfaces in contact with smooth
surfaces of a cylindrical container is reduced to determina-

FIG. 1. Equilibrium configuration with an annular free surface in contact;[Ion of the sign of the smallest elgenvam@l for the prob-

with a cylindrical wall and a flat endwal(a) B>0; (b) B<0.

Leotu=Npy (S1=5<$), ©)
Here,v is the actual gas volumey is the cylinder radiusg
is the gravity acceleration, apdand o are the liquid density —¢0(S1) + X190(S1) =0,  @5(S2) + Xx200(S2) =0, (4)
and surface tension, respectively. We assume that gravity
acts down and along theaxis of a cylindrical coordinate f SZr ds=0 (5)
system. We takg>0 (B>0) if the gas cavity is at the top st o '

of the cylinder, andg<<0 (B<0) if the gas cavity is at the

bottom (see Fig. L and of the sign of the smallest eigenvalug for the prob-
The problem is formulated in Sec. II, and the results forlem

free surfaces in contact with smooth solid surfaces are de-

scribed in Secs. Il A and Il B. In Sec. llI C it is shown that

other types of doubly connected equilibrium free surfaces do

not exist if the wetting angler is constant over the entire

container. These surfaces are annular surfaces that have both — ¢1(S1) + x1¢1(S1)=0,  @1(Sp) + x2¢1(s3)=0. (7)

contact lines on one of the flat endwalls, or free surfaces with

at least one contact line located on the edge formed by th@

cylinder wall and one endwall. The stability conditions for r

the latter are discussed for the case when the wetting angles Le=—¢"— ria "ta(s)e, 8

on the lateral wall and on a flat end are different.

L‘P1+r_2<P1:7\<P1 (s1S8<8y), (6)

12

Il. FORMULATION a(s)=—br'—pg2— 2, )
r

A. Equilibrium free surfaces

The axisymmetric equilibrium surface has a parametric  X1= —B'(sy)cote,  x,=—pB’(s;)cota; (10)
representatiom(s) andz(s), wherer, 6, andz are cylindri-
cal coordinates, and is the arc length of a surface axial ©
section §=const (see Fig. 1 This section determines the
surface equilibrium profile. The functiongs) andz(s) are
the solutions of the ordinary differential equaticns:

w is an unknown constant, angh= ¢(S), ¢1=¢1(S). The
equilibrium is stable(unstable to axisymmetric perturba-
tions if Ag1>>0 (A y;<<0), and is stabléunstable to nonaxi-
symmetric perturbations K;,>0 (A 1;<<0). The equilibrium
is stable(to arbitrary perturbationsif A\*=min (\p1,\17)

, . . z >0. The equilibrium is neutrally stable to axisymmetric
r=-2'p', z'=r'p', p'=—bz+tq-—, (nonaxisymmetrigperturbations it o;=0 (A 1;=0). Finally,

the equilibrium state is critical to axisymmetric perturbations

s,<s<s,, '= i _ @) if 0=N\g1<A\11, and is critical to nonaxisymmetric perturba-

tions if 0=X\1<\g1.
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The conditions that an eigenvalue of the probl@nr-(5) Ill. RESULTS
or problem(6)—(7) is equal to zero are, respectively, of the A. A doubly connected free surface in contact with a
form cylindrical wall and a flat end
DoEde< —Ugi(S1) + x1Uoi(S1), Ugi(S2) + X2Uoi(S2), 1. Preliminary analysis
We recast the equilibrium and perturbation equations in
S2 B dimensionless form, using the cylinder radiug, to scale
s Fug ds ' =0, (12) length. Then all the variables and functions in E§3—(16)
=123 are replaced by their dimensionless analogs. In particslar,
, , r, z, and g are represented by their dimensionless counter-
Di=del—uyi(s) + x1Uai(S1), Ui(S) +x2Uni(S2))i-12 partsS R, Z, andQ, andv, b andr are replaced wittv, B
=0. (12) [see Eq(1)]and 1, respectively. We s& =0 and place this

point on an axial section of the cylinder’'s lateral wall. The
Here, the functionsig,(s) and ug,(s) are linearly indepen- Points S=S,; (i=1,2,...) at whichg=a« (if they exis} are
dent solutions of the equatidou=0, the functionugyy(s) is  found (for fixed B, Q, ande) by numerically integrating

the particular solution of the equatidru+1=0, andu;4(S) R'=-2'8', Z'=R'B’
anduq,(s) are linearly independent solutions of the equation ' '
Lu+r~2u=0. The values ofy; and y, are determined by . z' , d
Eg. (10). Expressions foD, andD; can be also represented B'=-BZTQ- R ~ds (17)
in the form , L .
together with the initial conditions
Do=Aox1x2+Box11+Cox2+Eo, 13 R(0)=1, R’(0)=-sina, Z(0)=0,
"(0)= — —970°_ (18
Di=Aixix2+Bix1+Cixa+E;. (14 Z'(0)=~cosa, B(0)=270""a.

o _ - _ Provided that the functions AR(S) and Z'(S) do not
To determine if a given equilibrium state is stable, we change sign from plus to minus &sncreases from 0 t&,; ,
first test the stability of the free surface to perturbations thakach of the point$=S,; (i=1,2,...) may serve as the end-

leave the contact lines fixed. For this kind of perturbation,point of the equilibrium profile on a given integral curve.
the boundary condition$4) and (7) are replaced with the This endpoint lies on a flat endwall with=Z(S,;). In ad-
conditions ¢o(S1) = ¢o(S2) =0 and ¢1(s1) = ¢1(S2) =0, re-  dition, we must find the endpoir$* for the profile of a
spectively. If a given free surface is unstable to these pertursyrface that is critical to perturbations with fixed contact
bations, the equilibrium state is also unstable. lines. This profile can be determined in the same manner as
Let us consider a free surface with fixed contact linesthe profile of a critical liquid bridge surface pinned to edges
which is stable and compare the valygsand x, given by  of circular diskst?3If S, <S* for a certaini, we then check
Eq. (10) with their critical values. The critical valuggy and  the stability of the surface with a profile<0S<S,; accord-
x> are determined from Eqs$11) and(12) with x; andx,  ing to the method described in Sec. II. The numerical results
considered as independent variables. These equations gigesented in Secs. Il A2—1Il A4 refer only to profiles with
given by S,;<S*. Our calculations have shown that an integral curve
may include no more than two equilibrium profiles that sat-
Do(x1 :X2)=Aox1 X3 +Boxi +Coxs +Eo=0, (15 isfy this condition.
For any Bond number and wetting angle values, an equi-
Di(xT . x3)=AixT x5 +BixT +Cix3 +E;=0. (16) librium surface with a profild<S<S,; (S,;<S") is stable
to nonaxisymmetric perturbations if ©-cosa, and is un-
The critical valuesy; and x5 for axisymmetric pertur-  stable if Q<—cosa. For Q= — cose, the curvatures’ (0)=0.
bations belong to the right-and-upper branch of the hyperHence,y;=0. It can be easily verified that in this case, the
bola (15). This branch bounds the stability regidj in the  eigenvalue and the corresponding eigenfunction of the di-
X1—x2 plane from the left and from below. For nonaxisym- mensionless analog t®)—(7) areA=0 and¢(S)=2'(S).
metric perturbations, the stability regi@fl( is bounded from Furthermore, the valueg;=0 and y,=— B’ (S,;)cota be-
below and from the left by the right-and-upper branch of thelong to the right-and-upper branch of the hyperbdé) so
hyperbola (16). The doubly connected axisymmetric free that the smallest eigenvaliig;=0 corresponds to the eigen-
surface is stable to arbitrary perturbations if the valueg,of function ¢1(S)=2'(S). This means that an equilibrium sur-
andy, given by Eq.(10) belong to the region of intersection face withQ= —cos« is neutrally stable to the most danger-
of the regionsS? andS;. ous type of nonaxisymmetric perturbations for which the
We use the above method to analyze the stability of &aomponent normal to the axisymmetric equilibrium surface
free surface in contact with a cylindrical wall and a flat end-is proportional toZ' (S)cosé. Inspection of the position of
wall. For an annular surface that is in contact only with athe point (y;,x,) shows that this point shifts into thS)l(
cylindrical wall, this method may be considerably simplified region if Q becomes greater thancose, and shifts outside
(see Sec. llIB. S)l( if Q<—cosa. For 0=a<90°, an integral curve may only
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Q, for zero gravity configurationgFig. 1) with @=145° (curve a) and

FIG. 2. Stability diagram for the zero gravity systeB=0) shown in Fig. ~ @=130° (curve b). Solid lines correspond to stable states, and dotted

1. Dotted(dashedi line corresponds to states critical to axisymmetrion- (dashedilines to states that are unstable to axisymmétranaxisymmetrig
axisymmetri¢ perturbations. Solid line represents stable states with a fregoerturbations. The open circle represents the point wkre-cosa. A
surface that conforms to a portion of a sphere. cross corresponds to the point of maximi¥n

contain an equilibrium profile whe@< —cose. Hencefor ~ common flat endwall. We assumed that1 at this end.
any Bond number, the axisymmetric configuration underThus, for these profilesZ(0) is no longer equal to zero.

consideration is unstable if9a<90°. Such a displacement is admissible for a cylindrical container.
We use it hereafter to illustrate a set of profiles. The profiles
2. Zero gravity a and b, terminate atS=S,,, while a closed circle corre-

A i on. | . ider th bil sponds to the poing,,. Profilesc andd represent portions
s an lillustration, let us first consider the stability con- 0=<S<S5,, of the profilesb anda, respectively.

ditions for B=0. The stability boundary in the-V plane When 113.5%a<135° there are both maximum and
consists of two segmentig. 2). The upper segment corre- minimum volume stability limits. Stable states exist in the

sponds to states that are critical to axisymmetric pert”rbal'ntervalVmin<V<Vmax. In this case, a typical dependence of
tions. The left-hand segment corresponds to states critical %9 on Q takes the form of the curve in Fig. 3. Here, in
nonaxisymmetric perturbations and originates from the poinf. o<t 1o the casa>135° V tends to zero a.Qe—;o

(@=135°,V=0). The. solid line ipside _the stability region 14 v alue ofQ corresponding to/, is —cosa. The equi-
corresponds to the simplest configuration when the free suj

ibrium profilesa andc in Fig. 4(b) correspond to the maxi-
face is a piece of a sphere bounded by the cylinder wall and1 P g. 4b) :

fl I he i A h fth h um and minimum volume stability limits fog=130°. The
a flat endwall(see the inset in Fig.)2The proof that such a - inimum volume stability limit tends to zero as the wetting

surface is always_stable is given in the Appendix. _ anglea tends to 135%see Sec. Il A4
For large wetting angler>1359, there is only a maxi- Now let R,=R(S,) be the dimensionless radius of a

mum volume stability limit. For a fixedy, the. ;o_lution to. wetted spot on the flat end. Figure 5 shows Raevalues for
Egs.(17)—(18) and, thus, a shape of an equilibrium profile ¢iico| states. We see that the state becomes unstable to axi-
depends orQ. The curvea in Fig. 3 is for a=145 anod symmetric perturbations when, as this radius becomes small,
|Ilustrate§ a typical dependence ¥ on Q for a>135°.  ypo heck formed by the annular free surface becomes small.
Along this curve, the relative volumeé tends to zero aQ The loss of stability to axisymmetric perturbations results in

- af‘d reacheg the maximum val¥a at Q=1.504. . breaking of the neck. After the neck breaks, the flat end will
The point of maximumV corresponds to the state that is be entirely covered by the gas.

neutrally stable to axisymmetric perturbations,{=0). If
the integral curve of the problerl7)—(18) contains only
one equilibrium profile, 8 S<S,,, the corresponding free
surface is stable. There is an interval@fvalues where the Stability diagrams in thex—V plane for a set of Bond
integral curve contains two profiles,<6<S,; and 0<S  numbers are shown in Fig. 6. Figure 7 illustrates an influence
<S,,, whereS,,>S,;. The profile 0<S<S,, corresponds of Bond numbers on the critical neck radiRs. Let us fol-
to a stable surface, while the surface with a profie® low the evolution of the stability limits when changing the
<S,, may be stable@©<1.504), critical Q=1.504), or un- Bond number.
stable to axisymmetric perturbation®f 1.504). Positive Bond numbefFor allB>0, the structure of the

A set of equilibrium profiles fora=145° is shown in  stability boundary is identical to that for zero gravity. The
Fig. 4(a). Each profile represents a portior=@=<S,; (i=1 left most point of the stability boundary approaches the ver-
or 2) of the integral curve of the probleiii7)—(18) that is tical line «=90° asB increases. However, as pointed out in
displaced along th& axis so that the endpoi®; lies onthe  Sec. IllA1, it never reaches this line. The upper stability

3. The effect of steady axial acceleration
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| 9. Here eaclQ—-V curve has been constructed for fixed val-
og L . ' L s ues ofa andB. Loss of stability to axisymmetric perturba-
tions occurs at the point of maximuk Loss of stability to
FIG. 4. Equilibrium surface profiles for zero gravity system shown in Fig. 1. nonaxisymmetric perturbations occurs at the point wh@re
(a) The casen=145°. Profilesa, b, c, d, ande correspond tdQ values of = —cosa. When there are points Wit@< —cosa on the
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1.504, 1.42, 1.42, 1.504, and 1.9, respectivéty.The casen=130°. Pro-
files a, b, andc correspond t@=1.038, 0.85 and 0.643. Solid lines corre-
spond to stable surfaces, and dottddshed lines to surfaces that are criti- 5

cal to axisymmetrignonaxisymmetrig perturbations.

boundary moves down aB increases because the surface
that bounds a given gas volume flattens and the neck radius

R, decreasesgsee Fig. 8 In a qualitative sense, the depen-
dence ofV on Q has the same form as those described above

(see Fig. 9.

Negative Bond numbefhe structure of the stability re-
gion and the nature of critical perturbations change wBen
passes througlB=—1.69 andB=—1.80. For —1.69<B
<0, the stability region is connected. The states on the

boundary may be critical to nonaxisymmetric perturbations
or axisymmetric perturbations. Fer1.69<B< —0.84, there
are two segments of the boundary that correspond to critical
nonaxisymmetric perturbationsee the stability boundary
for B=—1 in Fig. 6. As the Bond number decreases and
passes through the valuel.69, the stability region breaks
into two disconnected parts. The first part always exists for
all Bond numbers less than1.69. For states belonging to
the boundary of the first part, anly nonaxisymmedtric pertur- IG. 6. Influence of the Bond numbes, on the stability limits for configu-
ations shown in Fig. 1. Numbers on curves indicate the values of the Bond

bations are critical. The second part exists only for Bon
numbers between-1.69 and—1.80. Its boundary is deter- number. The line styles are the same as in Fig. 2.
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FIG. 7. Critical dimensional radiu®, of the wetted portion of the flat
endwall as a function of. The corresponding Bond numbers are indicated

on the curves. The line styles are the same as in Fig. 2. The shaded region is
the disconnected part of the stability region B+ —1.7.

Q—V curve fora>135° and wherQ> —cos« at the point
of maximumV, two disconnected families of stable equilib-
rium states exist. This is illustrated by the curve f&r145°

and B=-1.7. Equilibrium states are stable for<®/
<1.074 (0<S<S,,,0>0.819(= —cos 145°)) and for

1.286<V<V5,=1.341 (0= S<S,,, 0.819<Q<0.866,
and are unstable for 1.074/<1.286 (Q<0.819). Related
equilibrium profiles are shown in Fig. 1@ closed circle
represents the poirf8=S,; on the profile B<S<S,,).
The loss of stability to axisymmetric perturbations re-
sults in the creation of an axisymmetric gas cavity that cov-
ers the cylinder base. From the result for the stability of

0- 1 L (
z
L

! FIG. 9. The dependence of the relative gas voluvhegn the shape param-
I eter,Q, at different Bond number®, for wetting angle valuea=145° (a)
r and a=130° (b). Numbers on curves indicate the valuesBofSolid lines
I correspond to stable states, dottddshegllines to states that are unstable to
| axisymmetric(nonaxisymmetrig perturbations, and dotted-dashed lines to
‘_ states that are unstable to both axisymmetric and nonaxisymmetric pertur-
| bations. Open circles represent points Witk — cosa. Crosses correspond
|
|
[
|
i-
|
[
0

to the points of maximunv.

simply connected axisymmetric surfaces in a cylintfewe

can determine that this cavity is stable in equilibrium. It is
believed that at large magnitudes®4 0, loss of stability to
nonaxisymmetric perturbations leads to a displacement of the

gas cavity to the side of the container and detachment from
= the base.

FIG. 8. Equilibrium surface profiles for=155° andV=0.4. Numbers on
curves denote the values Bf Solid and dotted lines correspond to stable

0

4. The case a=135°

For the system under consideration, the angtel35° is
surfaces, and the surface critical to axisymmetric perturbations, respectivelgpecial one. Equilibrium surfaces with a profile that is con-
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FIG. 10. Equilibrium surface profiles in the case=145° andB=—1.7. 0.2}
Profilesa, b, ¢, d, e, andf correspond, respectively, to the following values
of Q (andV): 0.866(1.341), 0.819(1.286, 0.819(1.074, 0.866(0.860, 1.0
(0.55%, and 1.4(0.216. The line styles are the same as in Fig. 4. % 7 L 0I6

vex toward the gasﬁ(’(S) >0 for 0<S< Sz) exist On|y for FIG. 11. Dependence &f on Q for equilibrium states withe=135°. Num-

~135°. whil £ ith fil ¢ d th ber on curves denote values of the Bond number. The line styles are the
@ » while surfaces with a profile concave towar €same as in Fig. 9. The states with+ V5, are denoted by, and the states

gas (8'(S)<0) exist only fora<135°. with Q= /2/2 by open circles.
If «=135°, there is always an inflection point on the
interior of the equilibrium profile. FoB=—/2/2, such a
.profllle may exist only 'fQ>_ _‘E/Z’, (:_CO_S 135%,0'703’ B. An annular free surface in contact with a cylindrical
i.e., if the curvature at the initial poing’(0), is positive. The 41l under zero gravity
lengthS, of this profile (and thus the corresponding volume o ] ] . .
V) tends to zero a— \2/2+0. ForB< —+/2/2, the equi- The equilibrium configuration with both contact lines on

librium profile may also exist a@<2/2. If Q is close to, the lateral wall of the cylindefsee the right-most inset in

but less thav2/2, the integral curve of the systefi7)—(18) ~ F19- 12 may exist only under zero gravity condition8 (
includes two equilibrium profiles, €S<S,; and 0<S =0). In this case, the free surface has an equatorial symmetry

<S,,. The lengthS,; of the smallest profile tends to zero as plane that is orthogonal to the cylinder’s symmetry axis. The
Q—+2/2-0. The properties of equilibrium surfaces at stability conditions for such a free surface with fixed contact
@=135° that were described earlier are llustrated by thdines have already been examineee Refs. 2, 5, 8, 14, and
diagrams of equilibrium states in ti@—V plane(Fig. 1. 15). In the following, we consider surfaces that satisfy these
According to Sec. IIIA1, thea=135° surfaces are conditions. In this subsection, we meassafeom an equato-

stable to nonaxisymmetric perturbation€it- y2/2, and un- rial points=0 of the equilibrium profile. That is, we assume

stable to nonaxisymmetric perturbations Qf< \2/2. The
segment enclosed by the pol@t= \/2/2,V=0 and the point

with V=V, corresponds to surfaces that are stable to axi- 6.0 ' ' '

symmetric perturbations. The other surfaces are unstable.

According to our calculations, the point wi=V,,, has

the valueQ> \2/2 if B=—1.71. 451

Thus, for arbitrary perturbations, we can draw the fol-

lowing conclusions: v

(@ if B=—2/2, stable states belong the segment be- 3.0 g
tween the poinQ=/2/2, V=0 and the point withv
=VimadB); _

(b) if —1.71<B<— \/5/2, stable states correspond to the 150 T =T 2T AN
segment enclosed by the po@t= \/2/2, V>0 and the Te—.7
point with V=V ,,,(B); .

(c) if B<—1.71, stable states do not exist; 0 . . . CY

(d) asV—D0, equilibrium states approach the state critical 120 135 150 165 180

to nonaxisymmetric perturbations; because of this, for Wetting Angle . {deg]

anyB, the stability bOL_mdary in the—V plane(Fig. 6) FIG. 12. Stability diagram for a zero gravity configuration with contact lines
emerges from the poini35°,0. on the lateral wall of a cylinder.
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that —s,<s=<s, on the profile. The formulas in Sec. Il are
changed accordingljtaking s= —s, as the initial point If
we set

Ug1(0)=1, u{y(0)=0, ugy(0)=0,
Up(0)=1, ugz0)=1, uiz0)=0, (19
U11(0)=1, uil(o)zoi U12(0)=0, U12(0)=1, (20)

the functionsug:(s), Ugx(s), anduy4(s) will be even while
Ugo(S) and uq,(s) will be odd. Considering thak(—s,)
= x(s2) = x, we obtain from(11) and(12)

Do=4[ugss;) + Xuoz(sz)][ [U0a(S2) + xUpa(S2) ]

Sp S2
Xfo onst_[U63(52)+XU03(52)]JO ru01ds],

21
D1=2[u}4(S2) + xU11(S2) J[U1a(Sp) + xU12(Sp) ] @)

Since ugy(s)=r'(s) and uy4(s)=2'(s), the roots g,
and x5, of Do(x) =0 and the larger root7, of the equation
D(x)=0 have the form

S S
Up1(S2) [ 7TUo3dS—Uga(So) [ ruo; ds

* _
Xox u01(52)f32ru03ds— Uos(sz)fzzrumds’
, , 22
LWL PO
Xo2 r'(s,) 2)y  X11 Z'(s,) 2)-
Thus, the stability condition reduces to the inequality
X>mMax Xo15 X0z, X11) - (23)

It can be easily verified that the valye=—8'(s,) cota

coincides with xg,. This is because the equilibrium state
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FIG. 13. Sketches of other doubly connected free surfaces in a cylindrical
container[Note that configurationé) and (b) are nonequilibriun.

respect tos, and the liquid breaks into two disconnected
portions(see the inset in Fig. 22If V<V, loss of stabil-

ity occurs to nonaxisymmetric perturbations, and the gas
cavity will most probably shift to the side of the container.

C. Other doubly connected free surfaces

At first glance it seems that configuration with both con-
tact lines on the endwallFig. 13a)] remains to be exam-
ined. However, for the points 1 and 2 with the same value of
z, the angley, is always greater that; under zero gravity
and with axial steady accelerati¢see Ref. 16 and also Refs.

2 and 4. Thus, if the smooth planar end of the cylinder is
made of homogeneous material, an annular equilibrium sur-
face with both contact lines on this end cannot exist.

When a container has an edge and both solid surfaces

under consideration allows arbitrary diSpIacementS along thﬁ)rm”']g the edge are made from the same homogeneous ma-
axis of symmetry. A change in potential energy is zero undeterial, a free surface in contact with this edge may be stable

such displacements. Consequently, the prob{@w(5) has

only if the region occupied by the liquid and the gas forms

the eigenvalue.=0, and the corresponding eigenfunction is on the edge the dihedral angle that is greater than’ For
Po=Upz(S)=r'(s). Such displacements along the axis of 3 cylindrical container with a planar end, this angle is equal
symmetry can be neglected when investigating the stability;/2. This means that any equilibrium configuration with a

of the configuration’sshape The stability condition(23)
then assumes the form
X(=X02)>max xg1,X11)- (24)

An analysis of the inequality§,> x7; shows that only

free surface contact line coinciding with the edge of a cylin-
drical container is unstable when the wetting angles along
the cylindrical wall and the planar end are equal. The contact
line will be displaced from the edge. Whether it moves to the
endwall or the lateral wall depends on the relative positions

an unduloidal free surface with a profile that contains pointsf the liquid and gas and on the value @f This is true for
of inflections= *s;; may be stable to nonaxisymmetric per- both simply connected and doubly connected free surfaces

turbations. Critical surfaces determining the segni2@tof
the stability boundaryFig. 12 are unduloidal surfaces with
profiles —s;;=<s=<s;;.

[Figs. 13b)—-13d)].
Let us now assume that the wetting angles on the cylin-
drical wall and the planar end are different. First, we con-

The boundary segmetA can be constructed upon test- sider the case when one of contact lines coincides with the

ing the inequalityxg,> x4, numerically. The points of this

edge and the other lies on the endwé#lig. 13b)]. In anal-

segment correspond to unduloidal surfaces with profilepgy with Refs. 2 and 17, we find the following stability

—Sp1=S<Sp;, such thatxg(So1) = x6:(Sor) and sp1>S11-
The latter inequality is satisfied only fer>121°.

For a given 121&«<180°, there exists a minimum vol-
ume stability limitV,,, (segmenBC) and a maximum vol-
ume stability limitV ., (segmentAB). If V>V .y, stability

conditions with respect to perturbations that displace the
contact line from the edge

(/IlZCY, (25)
Here,« anda, are the wetting angles on the cylindrical wall

V1= T ag.

is lost to axisymmetric perturbations that are symmetric withand on the planar end, respectively, apdand y,; are the
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dihedral angles formed on the edge by the liquid and the galse interesting to understand the transition between the two
[Fig. 13b)]. On the other hand, since the free surface musparts upon variation of the gas relative volume. In this re-
satisfy Eqs(2), we havey;<y,=m— a (see the first para- spect, a study of the related bifurcation problem would pro-
graph of this subsectignThus, the second inequality (25)  vide useful information(see for example, the analysis de-
cannot be fulfilled, and the configuration under consideratiorscribed in Ref. 15 for liquid bridges with fixed contact lines
is always unstable.

If one of contact lines coincides with the edge and they ckNOWLEDGMENTS

other belongs to the cylindrical wdlFig. 13c)], we get the
following inequalities instead of Ed25): This work was supported by the National Aeronautics

and Space Administration through Grant No. NAG3-2160.
h=a, =T (26)

From the expression obtained by the integrating the produAppENDIX: STABILITY OF A FREE SURFACE

of r and the second of equatiof®) it follows that y;>vy,  CONFORMING TO A PIECE OF SPHERE BOUNDED
for B>0, y,= v, for zero gravity, andy,;<+vy, for B<O. BY A CYLINDRICAL WALL AND A FLAT
Sincey,=7— «, a stable equilibrium is not possible for the ENDWALL

latter case and may exist only in the first two casew if
> a4+ /2. To make a complete conclusion on the stability
of the configuration foB>0 andB=0, arbitrary perturba-
tions must be accounted for.

For the configuration with contact lines located on the
edges of the cylinder’s two flat endwall§ig. 13d)], the
stability to arbitrary perturbations for the case of different
wetting anglesy, @, anda, on the lateral wall and the ends
has been analyzed in Ref. 18.

The first system considered is shown in Fig. 1. The sim-
plest configuration of this system is when a free surface with
B=0 is a piece of a sphere. This configuration is found to
exist only fora>135°. The corresponding stability problem
can be solved analytically. A surface that conforms to a por-
tion of sphere is always stable to perturbations that leave the
contact lines fixed.It can easily be verified that the follow-
ing equations are valid

— S
r=—Rcosx, x= E_a' s,=0,

IV. CONCLUSIONS

. . (A1)
The results obtained here represent the completion of a _ _ 3 _ 2
o ' . s,=R|2a—zm|, a= —,
study of the shape and stability of connected axisymmetric 2 R
equilibrium surfaces in a cylindrical container under zero ,
1 1+sinx

gravity gnd a steady. accelerat!on directed along thg cylin- Ug;=SiNX, Ugy=—1+ =sinxIn .

der’s axis. If the wetting angle is constant on the entire cy- 2 1-sinx

lindrical container, the possible axisymmetric annular con- o

figurations, except for free surfaces with contact lines on  y,,=-R?  u;;=cosx,

each(materially different flat endwall, are the configurations 2

shown in Figs. 1 and 12. The shape and stability of the above 1 14 sinx (A2)

configurations depend on the relative volume of an annular  u,=tanx+ 5 cosxIn —,
2 1-sinx

region bounded by the free surface and the interior surface of

the container. For these configurations, a scale volume is nothereR= — roseca is the sphere radius. To within common

the cylinder’'s volume, but is equabr proportional to the  factors, the coefficients of Eq$13) and (14) assume the

cube of the cylinder radius. form

tan—

5 ] (A3)

a

tan—=

+2 cof a+2 sina cosa)In 5

The second parameter governing the stability of equilib-
rium is the wetting angle. We have shown that, for an annu;o\O:EZ(smaJr COSQ)[SinaJFCOSQ
lar region occupied by a gas and for wetting angles less than
121°, a stable equilibrium cannot exist for the system shown
in Fig. 12. The same is true for the system shown in Fig. 1 if +(1+sina cosa)ln tar( 577
a<90°. In addition, for this system, the stability conditions
when @<135° anda>135° are quite different.

Finally, the equilibrium and stability of the system Bo—R( cos’ a—2 sirf a—sirf a tana+cosa(sir’ a
shown in Fig. 1 depend on the Bond number. Stability is not
possible fora=<135° if B<—1.71, but is possible for 135° ™
<a<180° at any Bond number. ta 2 4

The behavior of the stability limit has been analyzed in (A4)
detail for arbitrary constant volume perturbations. We can
definitely predict the consequences when stability is lost to — . .
axisymmetric perturbations. What happens following loss of€0= — R[ sin’ a—2 co$ a—cos a cota+sina(cos a
stability to nonaxisymmetric perturbations remains an open
guestion. In particular, when, for fixadl andB, the stability tar(g— ™
2 4

region consists of two disconnected paifgg. 6). It would tany

+ 2 sirf a+2 sina cosa)ln

] (A5)
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Eo=2(sina+ COSa)[ sina tana+ cosa cota

. | o a o A6

Sina cosa In| ta 577 tanE , (AB)
Alzﬁz[sinatanantcom cota

. | o ar o A7

sina cosa In| ta 577 tanE , (A7)

B,=Rsina{ 1+seé a—cota

. | o r o A8

+sinaln|ta 577 tanE , (A8)
C,=—Rcosa{ 1+cs@ a—tana

| o ar o A9

+cosa In| ta 577 tanE , (A9)
E,=sina+ cosa+ seca+csca

i | S ¢ A10

+sina cosa In| ta 577 tanE . (A10)

For the case being consideregIl:Xz:X:—Eflcota.
Substituting this expression and E@¢8.3)—(A10) into (13)
and(14), we obtain

2(sina+cosa)
Do=1-2cof a—cota+ ——>———

Sirf a cosa
+Co§a| ; [e% 7Tt o
sifa |27 %))

D,;=2sin3a. (ALD)

NeitherD, nor D4 change their sign in the interval 135%

<180°. This means that there is no critical state for a con
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follow from Egs.(15) and(16) after the substitution of Egs.
(A3)—(A10) andx? = x5 = x*. The result of the comparison

is that y is larger than the largest root and, thus, a surface
that conforms to a portion of a sphere is always stable.
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