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Stability of disconnected free surfaces in a cylindrical container under zero
gravity: Simple cases

Lev A. Slobozhanina) and J. Iwan D. Alexanderb)

Department of Mechanical and Aerospace Engineering and National Center for Microgravity Research
on Fluids and Combustion, Case Western Reserve University, Cleveland, Ohio 44106

~Received 16 February 2000; accepted 20 July 2000!

The stability of equilibrium configurations of a capillary liquid in a circular cylindrical container
with planar ends is investigated. The liquid is under zero gravity conditions, and its wetting angle
is constant over the entire solid surface. Attention is focused on the case for which the free surface
consists of two disconnected pieces~connectivity components! that bound the connected liquid
domain. First we outline the method used to determine critical states with disconnected free surfaces
when each connectivity component is axisymmetric. Then we examine the stability of disconnected
surfaces for the simple cases that arise when each connectivity component represents a closed
sphere or a part of a sphere. Ten configurations were considered that represent all possible
combinations of the following connectivity components: A closed sphere~that bounds a gas
bubble!, a spherical cap in contact with the lateral wall of a cylinder; a spherical cap in contact with
a cylinder endwall, and a portion of a sphere~that does not cross the cylinder’s axis of symmetry!
bounded by a cylindrical wall and a flat endwall. ©2000 American Institute of Physics.
@S1070-6631~00!51311-7#
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I. INTRODUCTION

Despite the fact that cylindrical containers are sim
and widely used, knowledge of the shape and stability of
equilibrium free surface of a capillary liquid confined with
a cylinder is limited. The first result directly linked to th
problem was obtained by Concus.1 It is related to the prob-
lem of the stability of a liquid suspended in a rectangu
vertical channel and subject to a vertical gravity field. T
analogous problem for an axisymmetric free surface o
liquid suspended in a circular cylindrical container w
solved independently by Tyuptsov2 ~see also Ref. 3, pp
147–150! and by Reynolds and Satterlee.4 They considered
equilibrium states withsimply connectedaxisymmetric free
surfaces~i.e., surfaces that cross the container’s symme
axis! and obtained the value of the critical Bond number~the
ratio of gravity forces to surface tension forces! as a function
of the wetting angle. In particular, it was found that such
surface isalwaysstable under zero gravity conditions. Lat
Concus5 carried out a sophisticated analysis of the shape
stable simply connected axisymmetric surfaces. Tegart6 con-
structed examples of three-dimensional stable equilibr
shapes in a flat-bottomed cylindrical container for zero c
tact angle and for cases where gravity acts parallel to
perpendicular to the cylinder axis.

The stability ofdoubly connectedaxisymmetric free sur-
faces in a cylinder~a doubly connected surface consists
one piece and does not cross the symmetry axis! was recently
considered by Slobozhaninet al.7,8 A free surface that has
one contact line on one of the flat endwalls of a cylinder a
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the other on the cylinder’s lateral wall may exist in an ax
gravity field. Under zero gravity the configuration may b
stable or unstable. However, a particular configuration wit
free surface that conforms to a piece of sphere and
bounded by a cylindrical wall and a flat endwall is alwa
stable. A free surface with both contact lines on a cylindri
wall is possible only under zero gravity. Clearly, such a s
face cannot have a spherical shape.

Thus, the stability problem has been studied for a c
nected axisymmetric free surface. Such a surface is typic
an interface between a connected liquid region and c
nected gaseous region. However, a free surface can bedis-
connected, i.e., it may consist of several pieces~the connec-
tivity components!. There are two quite different types o
disconnectivity. The first is when a configuration consists
several disconnected liquid regions, but each region
bounded by a separate free surface. In this case, the equ
rium and stability problem reduces to the problem for ea
separate free surface, i.e., to a set of problems for each
nected free surface.

On the other hand, a free surface may be disconne
with m.1 connectivity componentsG i ( i 51,...,m) while the
liquid region is connected@see, for example, Fig. 1~a! where
m52#. This is the second type of disconnectivity. The s
bility problem for such configurations is more complicat
than for a connected free surface~see Sec. II for an explana
tion of the fundamental differences! and to date has only
been solved for a few model examples~Ref. 3, pp. 216–
218!.

Connected liquid regions bounded by disconnected f
surfaces arise in a variety of situations, especially under
crogravity conditions. For example, equilibrium liquids wi
gaseous inclusions develop after damping of a disturba
0 © 2000 American Institute of Physics

o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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that results in splashing of liquid propellant in a fuel tan
Such disturbances may arise as a consequence of tran
vibration, abrupt changes in spacecraft orientation or eve
sudden transition to weightlessness following a sustai
thrust. Alternatively, voids and loss of a full contact betwe
a melt and a cylindrical ampoule can occur during the i
thermal soaking stage of low gravity directional crystalliz
tion experiments. The general mechanisms that might lea
such conditions have been discussed in Refs. 9 and 10~see
also references therein!.

In this paper we analyze the stability of weightless liqu
bounded by disconnected free surface consisting of two c
nectivity components (m52) in a cylindrical container with
flat bottoms. All possible configurations with connectivi
components that represent a closed sphere or conform
portion of a sphere are considered. It is assumed that
wetting anglea is constant over the entire solid surface~cyl-
inder wall and two planar ends!, and the physical propertie
of the gas are uniform for different gas cavities.

II. FORMULATION OF THE STABILITY PROBLEM

When each connectivity component of a free surface
axisymmetric, the stability of the system with respect to no
axisymmetric perturbations reduces to the determination
the stability of each connectivity component with respect
these perturbations. This is because nonaxisymmetric pe
bations of separate connectivity components have no e
on the volumes of regions separated by these compon
However, because liquid volume must be conserved,
problem of the system stability with respect to axisymme
perturbations cannot be reduced to separate stability p
lems for each connectivity component. The only addmiss
axisymmetric perturbations are those which leave the volu
of the liquid unchanged. For example, if a connected liq
region is bounded by a connected free surface, then o
zero-volume change perturbations to this region are adm
sible. Thus, the variationdn1 of the gas cavity volumen1

FIG. 1. ~a! ConfigurationI ~two connectivity components! in comparison
with ~b! a system with a single connectivity component. Dashed lines
respond to perturbed free surfaces.
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must be equal to zero. On the other hand, if a liquid region
bounded by a disconnected free surface, the total liquid v
ume must still be conserved

(
i 51

m

dn i50, ~1!

but each connectivity component need not satisfy a sepa
volume conservation condition. In other words, variatio
dn i ( i 51,2,...,m) of individual gas cavity volumes may dif
fer from zero. For example, the volume of each bub
shown in Fig. 1~a! may be changed when perturbed~see
dashed lines!, but the volume of a single bubble@Fig. 1~b!#
must be kept constant. Consequently, the class of admis
axisymmetric perturbations on each surface compon
G i ( i 51,2,...,m) is broader. Hence, the ‘‘level of stability’
of the system with a disconnected free surface may be lo
in comparison to a system that has only one of the conn
tivity components as its sole free surface. For example,
stability of the system (i 52) with connectivity components
G1 andG2 may be lower than either of the systems that h
G1 , or G2 , as its only free surface.

However, it should be recognized that perturbations o
free surface connectivity component that change the volu
of an individual gas cavity, also change the internal ene
of the gas and liquid phases. In contrast to the destabiliz
effect due to the increase in breadth of admissible pertu
tions noted above, consideration of these internal ene
changes leads to a stabilization effect. It is readily appar
however, that this stabilizing effect cannot lead to a grea
level of stability than a system subject to the constraint t
dn i50, for eachi 51,2,...,m.

Our analysis of the equilibrium stability for a syste
with a disconnected free surface is based on the basic p
ciple of minimum potential energy postulated by Lagran
and Lyapunov~see, for example, Ref. 3, pp. 120–125!. Ac-
cordingly, a stable equilibrium corresponds to a local mi
mum of potential energy.

For the equilibrium of non-rotating systems with cap
lary liquids it has been proven rigorously that ‘‘static’’ sta
bility of a configuration corresponding to a minimum of p
tential energy is equivalent to the stability of th
configuration obtained through dynamic analysis of the s
tem’s stability. The latter involves perturbing the equatio
of motion. For the system under investigation here, it the
fore suffices to examine perturbations of the equilibriu
shapes rather than perturb the equations of motion~of which
the equilibrium equations are a subset!. Furthermore, for iso-
thermal capillary liquids, an analysis of the system’s equil
rium can be accomplished far more easily through analy
of energy variations under admissible perturbations of f
surfaces within the system, than through an analysis of s
tions of the perturbed equations of motion. The physical
lidity of such an approach to the equilibrium stability o
capillary liquids is well-established experimentally and h
been the subject of numerous publications, including
early work of Plateau11 and the more recent work of Russ
and Steen,12 Bezdenejnykhet al.13 and a review by Finn.14

r-
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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For the system under consideration here, the variatio
the total energyE is

dE5dUsur1dUG1dUL5dUsur2dWG2dWL

1dQL→G1dQG→L . ~2!

Here,Usur is the gas–liquid surface energy,UG andUL are
the internal energies of the gas and the liquid,WG and WL

represent the work done on the gas and the liquid, res
tively. The net heat flux is equal to zero (dQL→G1dQG→L

50). Furthermore,dWL5PLdnL50 because the liquid is
assumed to be incompressible, i.e.,dnL50. As a result, we
are left with

dE5dUsur2dWG5dUsur2(
i 51

m

Pidn i , ~3!

wherePi andn i are, respectively, the gas pressure and v
ume of theith gaseous region. Taking into account the eq
librium conditions that follow from the equalitydE50 and
restriction~1!, the second variation of the total energy can
presented~see Ref. 3! in the form

d2E5d2Usur2(
i 51

m

dPidn i . ~4!

For a polytropic process in a real gas,Pin i
n5const, hence

dPi52
nPi

n i
dn i . ~5!

From ~4! and ~5! we then obtain

d2E5d2Usur1n(
i 51

m
Pi

n i
~dn i !

2, ~6!

where the positive second term on the right-hand side de
mines the stabilization effect mentioned above. The ex
nentn lies in the interval 1<n<h, whereh is the adiabatic
exponent of the gas. Thus, we have the lowest stabiliza
for isothermal (n51) process, and the highest stabilizati
for adiabatic process.

Based on principle of minimum potential energy, t
method of calculating the stability of a disconnected fr
surface was described in Refs. 15 and 16, and later in Re
~pp. 207–218!. ~The adiabatic process considered therein
be generalized with no essential changes to the polytro
process.! For the polytropic process under consideration,
internal energy changes in the liquid and the gas influe
the stability through mediation of the parameters

Ti5nPi /sn i ~ i 51,2,...,m!, ~7!

wheres is the surface tension on the free surface.
When a free surface bounding the liquid portion cons

of m.1 axisymmetric connectivity componentsG i ( i
51,2,...,m), the problem of stability to axisymmetric pertu
bations is reduced to the determination of the sign of
smallest eigenvaluel (1) of the following spectral problem:
Downloaded 23 Oct 2000  to 129.22.208.250.  Redistribution subject t
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2w i92
r i8

r i
w i81aiw i1j i1m5lw i

~8!
~si1<si<si2 ; i 51,...,m!,

l 1w i[2w i8~si1!1x i1w i~si1!50,
~9!

l 2w i[w i8~si2!1x i2w i~si2!50,

l 3w i[j i22pTiE
si1

si2
r iw idsi50, ~10!

l 4w i[(
i 51

m E
si1

si2
r iw idsi50. ~11!

The equilibrium is stable to axisymmetric perturbations
l (1).0, and is unstable ifl (1),0. The above equations tak
into account that the equilibrium surfaceG i is symmetric
about the axiszi and has a parametric representationr i

5r i(si), zi5zi(si). Here,r i , u i , andzi are the cylindrical
coordinates, andsi is the arc length of any axial sectionu i

5const of G i . This section determines the profile of th
surfaceG i with end pointssi5si1 andsi5si2 of the equilib-
rium profile (si1<si<si2). The function w i5w i(si) is a
component of an axisymmetric perturbation ofG i normal to
G i , andm is an unknown constant. The functionai(si) for
the case of zero gravity, and the boundary parametersx i1

andx i2 have the following form:

ai~si !52~zi8/r i !
22k2~si !,

~12!

x i15
k~si1!cosa2 k̄i1

sina
, x i25

k~si2!cosa2 k̄i2

sina
.

Here, k(si) is the curvature of the equilibrium profile, an
k̄i1 and k̄i2 are the curvatures of an axial section of the co
tainer at points of contact with the equilibrium profile. Th
boundary conditions~9! are written for a doubly connecte
surfaceG i ~both endssi5si1 andsi5si2 of the equilibrium
profile lie on a container wall!. If the ith surface is simply
connected, one of the ends lies on the symmetry axiszi . The
correspondingith boundary condition in~9! must be replaced
by the requirement that the solutionw i be bounded at this
end. If G i does not contact the container wall~a closed
sphere discussed above!, w i must be bounded at both end
that lie on the axiszi . Finally, Eq.~10! defines the constan
j i , and~11! serves as an analogy to Eq.~1! and enforces the
constraint that the liquid volume be conserved.

In addition to the problem defined by Eqs.~8!–~11! we
consider an auxiliary problem with modified boundary co
ditions corresponding to pinned contact lines. For dou
connected and simply connectedG i , these conditions have
the form

w i~si1!5w i~si2!50 and w i~si2!50, ~13!

respectively. The boundary condition~13! arise if all values
x i15x i25`. Since the eigenvalues of problems~8!–~11!
increase with eachx i1 and x i2 , then l (1) is less than the
smallest eigenvalueq (1) of the auxiliary problems~8!, ~10!,
~11!, and~13!. Thus, the inequalityq (1).0 is the necessary
condition for stability.
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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Henceforth we will consider a cylindrical container an
two connectivity components with profiles that represent a
of circles. Thenm52, and

r i~si !5Ri sin
si

Ri
, zi~si !5Ri S qi2cos

si

Ri
D ,

~14!

ai52
2

Ri
2 ,

x i15x i256
1

Ri
cota, ~15!

whereRi is the radius of the spherical surfaceG i , andqi is
a constant. In~15! one should use the ‘‘1’’ ~‘‘ 2’’ ! sign if G i

is convex toward the liquid~the gas!.
Taking the relations given by~14! into consideration, we

get the following solution of Eq.~8! for l50:

w i5ci1ui1~si !1ci2ui2~si !1~j i1m!ui3 , ~16!

ui15cos
si

Ri
, ui2511cosS si

Ri
D lnS tan

si

2Ri
D ,

~17!

ui35
Ri

2

2
.

Here,ci1 and ci2 are constants, andui1 and ui2 are the so-
lutions of corresponding homogeneous equation, and are
spectively, bounded and unbounded at the pointsi50 that
belongs to the axiszi . Substituting~16! and ~17! into Eqs.
~9!–~11!, we obtain the following condition for the existenc
of nontrivial solutionsw i for l50:

D0[det~ l juin!50 ~ j 51,...,4; i 51,2; n51,2,3!.
~18!

Equation~18! determines values ofx i1 and x i2 for which
some eigenvalue of problems~8!–~11! is equal to zero. The
smallest eigenvaluel (1) may be equal to zero only ifq (1)

.0. To obtain the stability conditions, we first need to ver
that q (1).0 and then we seek the branch of solutions
which l (1)50. This branch of solutions of Eq.~18! will have
minimum values ofx i1 and x i2 that are greater than th
maximum values for all other branches. For this branch,
values ofx i1 andx i2 are critical and we denote them asx i1*
andx i2* , respectively. The equilibrium is stable~unstable! to
axisymmetric perturbations if the values ofx i1 and x i2 de-
termined by~15! lie inside~outside! a stability region that is
bounded by a critical branch. This is the region where one
the values, sayx12, is greater than the corresponding critic
value x12* provided that the other values ofx i1 and x i2 are
equal to their critical values.

For each simply connected surfaceG i , we have only two
functionsui1 andui3 instead of three functions~17!, and the
order of the determinantD0 is decreased by one. For eachG i

that is a closed sphere, we consider only the functionui3 ~the
function ui1 corresponds to an arbitrary transition of
spherical bubble that can be neglected!, and the order ofD0

is decreased by two.
Downloaded 23 Oct 2000  to 129.22.208.250.  Redistribution subject t
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Finally, note that all systems with spherical connectiv
components are stable to nonaxisymmetric perturbatio
Therefore, for these systems, we need only examine stab
with respect to axisymmetric perturbations.

III. RESULTS

~1! Configuration Iis the simplest configuration consis
ing of two isolated spherical bubbles that lie within the bu
liquid @Fig. 1~a!#. Introducing two dimensionless paramete

A5
nPLR2

s
, K5

R1

R2
, ~19!

the stability condition can be expressed as follows:

A.A* 52
2~3n21!~11K4!

3K~11K3!
. ~20!

Here,PL is the pressure in the liquid, andK<1. It follows
thatA* ,0 inasmuch asn>1, andA.0 becausePL is posi-
tive in equilibrium.17 The configuration is, therefore, stable

~2! Configuration II consists of two spherical bubble
that are in contact with a common bottom or with oppos
bottoms @Figs. 2~a! and 2~b!#. We found that the stability
condition coincides with that for configurationI given by
~20!. At first glance it might seem strange that the stability
independent of the wetting angle. To gain better insight i
this we compared the second variationd2E of the total en-
ergies for the configurationsI and II in the neighborhood of
their equilibrium points. The expression ford2E has the fol-
lowing form:3

FIG. 2. Geometry of the configurationII for: ~a! wetting liquid ~a,90°!;
~b! nonwetting liquid ~a.90°!; ~c! the open system corresponding t
a,90°.
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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d2E52ps(
i 51

2 E
0

si2S aiw i2w i92
r i8

r i
w i8D r iw idsi

12ps(
i 51

2

r ~si2!w i~si2!@w i8~si2!1x i2w i~si2!#

14p2s(
i 51

2

Ti S E
0

si2
r iw idsi D 2

. ~21!

For the systemI, the arclengthsi25pRi and r (si2)50.
Hence, the terms in the second summation on the right-h
side of ~21! are zero.

The most dangerous situation for configurationI corre-
sponds to the case when perturbed surfacesḠi are closed
spheres concentric to the equilibrium spheresG i . For this
case, the perturbationsw i5ci ( i 51,2) are the constants re
lated byc252K2c1 that satisfy the liquid volume conserva
tion constraint. From Eq.~21!, we then obtain an expressio
for the smallest value ofd2E for the systemI:

d2E154psc1
2F22~11K4!1

3n

s
~P1R11P2R2K4!G .

~22!

For configurationII , the most dangerous case corr
sponds to perturbed surfacesḠi ( i 51,2) that represen
spherical caps with their centers displaced along the axezi

for distancese i with respect to the centers of equilibrium
capsG i . The perturbed surfaces, like the surfacesG i , meet
the flat endwalls at anglea, so thate i52(R̄i2Ri)cosa,
whereR̄i is the radius of the perturbed sphereḠi . Then

w i52e i S 1

cosa
1cos

si

Ri
D ~ i 51,2!, e252K2e1 ,

~23!

and the smallest value ofd2E for configurationII is

d2EII 5pse1
2 ~212 cosa1sin2 a cosa!

cos2 a F22~11K4!

1
3n

s
~P1R11P2R2K4!G . ~24!

The expressions~22! and~24! are identical to within a posi-
tive factor that depends ona. Thus, the stability conditions
for configurationsI and II are also coincident. Notice tha
for stability,

22~11K4!1
3n

s
~P1R11P2R2K4!.0. ~25!

This is equivalent to the stability condition~20!.
The first term in~25! is related to surface forces and

negative. This means that the system is always unstable i
work done on the gas is negligible. This is true for t
‘‘ open’’ system, in which each gas cavity is in contact with
large gas reservoir such thatn1 and n2 are both large@Fig.
2~c!#. The loss of stability of the open system subject
perturbations of the form~23! causes one of the gas cavitie
to spread along the endwall and results in a decrease in
tact area between the other gas cavity and the endwal
Downloaded 23 Oct 2000  to 129.22.208.250.  Redistribution subject t
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which it resides. This may bring the system to a new sta
equilibrium state with a different geometry. For example, t
free surface of the smaller bubble may be pinned to the e
of a hole in the endwall and there will be no constraint on
angle a for this bubble or, alternatively, the liquid ma
simply drain through the hole.

The stability condition~25! can also be expressed i
terms ofT1 andT2 . For the configurationII , it has the form

T11T2.
2~11K4!

pR1
4~11cosa!2~22cosa!

. ~26!

Before concluding this section, we consider the type
‘‘partly’’ open systems that correspond to the configurati
II . Here, one of the gas cavities is connected to a large
reservoir. For the caseT250 and T1.0, when the cavity
bounded byG2 (R2.R1) is connected to the reservoir, th
stability condition

n~21PLR1 /s!.2~11K4!/3, ~27!

is always fulfilled forPL.0. When the smaller radius cavity
G1 , is connected to the reservoir, thenT150 andT2.0, and
the stability condition

n~21PLR2 /s!.2~11K4!/~3K4!, ~28!

is fulfilled for relatively largeK and fails at smallK.
Thus, whereas the configurationII in a closed cylinder is

stable for positivePL , the system shown in Fig. 2~c! is al-
ways unstable. The related system withT250 andT1.0 is
stable, while the stability of the system withT150 andT2

.0 depends on value ofK.
~3! Configuration III. Although in this configuration a

free surface consists of a closed sphere and a spherical c
contact with a planar bottom~Fig. 3!, its stability condition is
distinct from those of configurationsI and II . The param-
eters~19! are employed again and the subscript 1 is taken
refer to the closed sphere. Now the value ofK may be less
than, equal to or greater than one. The stability condition
the form

A.A*

52
2~3n21!~212 cosa1sin2 a cosa14K4!

3K~212 cosa1sin2 a cosa14K3!
. ~29!

SinceA is always positive, this configuration is stable.

FIG. 3. ConfigurationIII : ~a! wetting liquid; ~b! nonwetting liquid.
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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It is useful to consider the case of the partly open sys
where the bubble on the endwall is connected to a la
volume reservoir (T250). In this case,A* takes the simpler
form

A* 5
2

3K S 123n1
4K4

212 cosa1sin2 a cosa D . ~30!

This system is less stable than for a closed cylinder. In p
ticular, it is always unstable ifa is close top.

~4! Configuration IV. In the sketches shown in Fig. 4, th
cross sections of these configurations have a liquid bri
type appearance. However, their stability conditions are
tinctly different from those of liquid bridges between fl
plates~see Ref. 3, pp. 154–156, and Refs. 18–23!. In the
configuration under consideration the free surface consis
two spherical caps that are in contact with a cylindrical w
~Fig. 4!. The cap radii are equal because the wetting ang
are the same (R15R25R0 /ucosau, whereR0 is the cylin-
der’s radius!. This configuration is always stable. To prove
we first considered the corresponding open system in wh
both domains occupied by a gas are in contact either with
infinite space (n15n25`) or with themselves~the latter
case is possible sincek(s1)5k(s2)). Such a system is neu
trally stable (l (1)50). Clearly, the open system is in a p
sition of indifferent equilibrium since the liquid configura
tion may be rigidly translated along the axis of symme
without variation in the system energy. Such displaceme
are the most dangerous perturbations. In a closed cylin
the configuration is stabilized (l (1).0) by internal energy of
the system. The same is true for a partly open cylinder w
only one of gas cavities is in contact with an infinite spac

~5! Configuration V. Let us assume thatG1 relates to a
closed sphere andG2 to a spherical cap in contact with
lateral wall ~Fig. 5!. For this case we found that the mo
dangerous perturbations correspond tow15c1 and w2

5c2 cos(s2 /R2). The functionw2(s2) describes the perturba
tion that shiftsG2 along the cylinder’s axis. The stabilit
condition for this configuration can be presented in one
two equivalent forms

T11T2.
1

2pR1
4 or 3KA12~3n21!14pR1

4 nP2

sn2
.0.

~31!

FIG. 4. ConfigurationIV: ~a! a,90°; ~b! a.90°.
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Again, even in the limiting case ofn25`, the system is
stable forPL.0.

~6! Configuration VI. Here we consider the case whe
G1 is a spherical cap in contact with one of the flat endwa
and G2 is in contact with the cylindrical wall~Fig. 6!. For
this system, the combination of perturbationsw1

5e1(@1/cosa#2@cos(s1 /R1)#) and w25c2 cos(s2 /R2) is the
most dangerous. The stability condition assumes the form

T11T2.
2

pR1
4~212 cosa1sin2 a cosa!

. ~32!

If the system is open (n15n25`), then stability is im-
possible. However, for a closed cylindrical container, we u
~32! to obtain

3KA12~3n21!1pR1
4~212 cosa1sin2 a cosa!

nP2

sn2
.0,

~33!

and then reach the conclusion that at least forPL.0 the
system is stable. The related partly open system withT2

50 (n25`) is also stable. However, for the partly open sy
tem with T150, the stability depends on values of the p
rameters. In particular, such systems are unstable for largn2

or for the wetting angle close to 180°.

FIG. 5. ConfigurationV: ~a! wetting liquid; ~b! nonwetting liquid.

FIG. 6. ConfigurationVI: ~a! wetting liquid; ~b! nonwetting liquid.
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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~7! Configurations VII and VIII. The remaining configu-
rations contain a doubly connected surface that conforms
portion of a sphere with one contact line on the lateral w
and the another on the flat endwall. Such a surface can e
only for 135°,a,180°. Whena→1135°, all the configura-
tions in a closed cylinder are stable due to the stabiliz
effect of the internal energy. In this case, the volume of
gas cavity tends to zero and, hence, the associated para
Ti tends to infinity.

In configurationVII , both connectivity components con
form to the surface described above@Fig. 7~a!#. In configu-
ration VIII , the second connectivity component is a sphe
cal cap in contact with the cylindrical wall@Fig. 7~b!#. In
these cases, the algebra necessary to obtainx i1* andx i2* from
Eq. ~18! is too cumbersome to yield a closed form expre
sion. Instead, the related stability problems were solved
ing MATHEMATICA .24

We have found that both these configurations are alw
stable even when the system’s internal energy is neglec
Indeed, for configurationVII , R15R25R and x115x12

5x215x225x52(1/R)cota. We first verified that for the
related open systemy (1).0. Then, for this system, we se
j i50 in ~16!, eliminated the condition~10! and obtained a
quartic equation inx from Eq.~18!. The critical valuex* for
the open system is the largest real root of this equation. C

FIG. 7. Configurations~a! VII and ~b! VIII , for 135°,a,180°.
he
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culations show that the actual valuex52(1/R)cota is
greater thanx* ~see Fig. 8! and, hence, the open system
stable.

For the open system related to the configurationVIII ,
Eq. ~18! yields a cubic equation inx. For this case we also
found that the actual value ofx exceeds the critical one~see
Fig. 8!.

~8! Configuration IXis bounded by a portion of a spher
G2 , and by the surfaceG1 of a bubble inside the liquid~Fig.
9!. The stability condition assumes the form

T.T* 5 f 1~a,Q!, ~34!

where

T5pR0
4~T11T2!, ~35!

FIG. 8. Productx* R of critical boundary parameter,x* , times the spherical
surface radius,R, as a function of the wetting angle,a, for open systems
corresponding to configurationsVII andVIII ~solid lines!. Dash line relates
to the productxR (52cota) of an actual valuex andR.
f 1~a,Q!5
1

2Q42
2 cos3 a

3 sin2 a2sina cosa12 tana1cos3 a ln@ tan~a/22p/4!tan~a/2!#
, ~36!
oir,
and Q5R1 /R0 . For any givenQ (0,Q,1), the function
f 1(a,Q) increases monotonically from2` to 0.5Q24 asa
varies from 135° to 180°. It can be easily verified that t
value ofT is always greater than 0.5Q24 even for the case o
a partly open system withT250. ~Such a system can b
realized ifP250 or if n25`, when the gas cavity bounde
by G2 is assumed to be in contact with a large gas reserv
for example, through a hole in the endwall!. In this case,

P1>2s~R1
211R2

21!, ~37!

for P2>0, so that
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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T5pR0
4nP1 /sn1>1.5n~12Q cosa!Q24, ~38!

and T.0.5Q24 since 1<n<h. Thus, the partly open sys
tem is always stable due to the stabilizing effect of the
inside the ‘‘isolated’’ bubble. The closed system is ev
more stable.

~9! Configuration Xhas a free surface consisting of th
portion of a sphere,G2 , and a spherical cap,G1 , in contact
with the bottom~Fig. 10!. The configuration’s geometry i
conveniently characterized by the ratio of the radius of
contact line on the endwall to the cylinder’s radius,G
52K tana (0,G,1). First we found that the correspondin
open system is unstable. Then we calculated the critical
ues of the parameterT @see Eq.~35!#. In contrast to configu-
ration IX, the critical valuesT* cannot be presented in an
lytical form. For the cases ofG50.1, 0.5, and 0.9, compute
values are shown in Fig. 11. Values ofT* like those for the
previous configurationIX are independent ofn. For any
fixed G, theT* values increase monotonically from2` to a
limiting value L5L(G) as the wetting angle varies from
135° to 180°.

By estimating the actual value ofT for partly open sys-
tem corresponding toT250, we were able to ascertain th
such a system is stable. Indeed, using~37!, we obtain

T5
pR0

4nP1

sn1
> f 2~a,G,n!, ~39!

where

f 2~a,G,n!5
6n

G4

sin3 a~sina2G cosa!

~11cosa!2~22cosa!
. ~40!

For givenG andn, the functionf 2 increases witha from its
minimum valueM5M (G,n) at a5135° and tends to infin-
ity as a approaches to 180°. Note thatM is always greater
than theL for the sameG. For example, forG50.1, 0.5, and
0.9 ~illustrated in Fig. 11!, M571 049, 155, and 18.7, re
spectively, for the most dangerous case ofn51. Thus,T

FIG. 9. Sketch of the configurationIX ~135°,a,180°!.

FIG. 10. ConfigurationX (135°,a,180°).
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.T* for the partly open system withT250. This means that
both partly open system withT250 and the closed configu
ration X are stable.

In contrast, the related partly open system withT150 is
always stable only fora values from some neighborhood o
135°. In this interval,T* is negative. The greater the value
G, the wider the interval. IfT* is positive, the stability de-
pends on the value ofT2 , i.e., on the pressureP2 . The partly
open system under consideration is stable at high press
and is unstable at lowP2 . It follows from Fig. 11 that for
given values ofa and T2 the partly open system withT1

50 is stable atG close to unity, and is unstable at smallG.

IV. CONCLUSIONS

Generally a disconnected surface has the same or lo
level of stability compared with the worst stability condition
for cases when eachG i is considered as the sole connectivi
component. Using simple problems we have demonstra
that an important effect of disconnectivity on the stability
the free surface of a liquid in a partly filled container is t
stabilizing effect of the system’s internal energy. Indeed,
the cases we considered, the sole connectivity compon
have identical ‘‘levels’’ of stability—that is, they are stabl
For the ten different combinations of various connectiv

FIG. 11. Dependence of the critical value ofT on the wetting angle for the
configurationX with: ~a! G50.1; ~b! G50.5; ~c! G50.9.
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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components considered here, we concluded that the con
ration is either stable or its stability depends on the con
bution from the internal energy.

Note that only the configurationsIV, VII , andVIII nec-
essarily have a common axis of symmetry that coinci
with the cylinder’s axis. The others do not need to be sy
metric about this axis. Furthermore, the stability results
tained for configurationsI – III are not restricted to a cylin
drical container. ConfigurationI relates to any container
while configurationsII and III may arise in any containe
with one planar wall. Thus, application of the results o
tained for systemsI – III is not limited to cylindrical contain-
ers.

We have analyzed only simple disconnected surfa
with m52 when each connectivity component has a sph
cal shape. It should be emphasized that the spherical sha
axisymmetric connectivity components in configuratio
I –VI is unique. From this point of view the related resu
are complete. In contrast, for configurationsVII –X, a con-
nectivity component that conforms to a portion of a spher
only one of a number of possible axisymmetric doubly co
nected surfaces~spherical, catenoidal, nodoidal and undulo
dal!. For m51, a spherical doubly connected surface is
ways stable, while other surfaces may be stable or unst
depending on the values ofa and the relative volume of the
gaseous region.7,8 To complete the investigation of the con
figurations like thatVII –X other types of doubly connecte
surfaces must be considered. Then, as was done form51 in
Refs. 7 and 8, the stability region can be obtained for rela
configurations withm52.

Furthermore, we did not analyze any configurati
where one of connectivity components is an axisymme
doubly connected surface with both contact lines on the
eral wall. Form51 and consequently form52, stability is
possible only if this is an unduloidal surface.7,8 Thus, five
more configurations remain to be examined to gain gre
insight into possible stable configurations of a weightle
liquid in a cylindrical container.
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