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The stability of equilibrium configurations of a capillary liquid in a circular cylindrical container
with planar ends is investigated. The liquid is under zero gravity conditions, and its wetting angle
is constant over the entire solid surface. Attention is focused on the case for which the free surface
consists of two disconnected piec&onnectivity componentsthat bound the connected liquid
domain. First we outline the method used to determine critical states with disconnected free surfaces
when each connectivity component is axisymmetric. Then we examine the stability of disconnected
surfaces for the simple cases that arise when each connectivity component represents a closed
sphere or a part of a sphere. Ten configurations were considered that represent all possible
combinations of the following connectivity components: A closed sptigrat bounds a gas
bubble, a spherical cap in contact with the lateral wall of a cylinder; a spherical cap in contact with

a cylinder endwall, and a portion of a sphétieat does not cross the cylinder’'s axis of symmpgtry
bounded by a cylindrical wall and a flat endwall. Z00 American Institute of Physics.
[S1070-663(100)51311-1

I. INTRODUCTION the other on the cylinder’s lateral wall may exist in an axial
egravity field. Under zero gravity the configuration may be
ﬁ;table or unstable. However, a particular configuration with a
free surface that conforms to a piece of sphere and is

a cylinder is limited. The first result directly linked to this Pounded by a cylindrical wall and a flat endwall is always
problem was obtained by Conchit is related to the prob- stablle. A frge surface with both contgct lines on a cylindrical
lem of the stability of a liquid suspended in a rectangularVa!l is possible only under zero gravity. Clearly, such a sur-
vertical channel and subject to a vertical gravity field. Thef@cé cannot have a spherical shape. _
analogous problem for an axisymmetric free surface of a  'hus the stability problem has been studied for a con-
liquid suspended in a circular cylindrical container wasnected axisymmetric free surface. Such a surface is typically
solved independently by Tyuptsbysee also Ref. 3, pp. an interface betwee_n a connected liquid region an_d con-
147-150 and by Reynolds and Satteré@hey considered Nected gaseous region. However, a free surface caifisbe
equilibrium states withsimply connectedxisymmetric free ~ connectegi.e., it may consist of several piecébe connec-
surfaces(i.e., surfaces that cross the container's symmetnyiVity components There are two quite different types of
axis) and obtained the value of the critical Bond numbbe disconnectivity. The first is when a configuration consists of
ratio of gravity forces to surface tension forgas a function ~Several disconnected liquid regions, but each region is
of the wetting angle. In particular, it was found that such abounded by a separate free surface. In this case, the equilib-
surface isalwaysstable under zero gravity conditions. Later fium and stability problem reduces to the problem for each
Concus carried out a sophisticated analysis of the shapes ofeparate free surface, i.e., to a set of problems for each con-
stable simply connected axisymmetric surfaces. Tégan-  nected free surface.
structed examples of three-dimensional stable equilibrium On the other hand, a free surface may be disconnected
shapes in a flat-bottomed cylindrical container for zero conWith m>1 connectivity components; (i=1,...m) while the
tact angle and for cases where gravity acts parallel to anliquid region is connectefsee, for example, Fig.(a) where
perpendicular to the cylinder axis. m=2]. This is the second type of disconnectivity. The sta-
The stability ofdoubly connectedxisymmetric free sur-  bility problem for such configurations is more complicated
faces in a cylindefa doubly connected surface consists ofthan for a connected free surfa@ee Sec. Il for an explana-
one piece and does not cross the symmetry)awés recently  tion of the fundamental differencesind to date has only
considered by Slobozhaniet al.”® A free surface that has been solved for a few model exampl&ef. 3, pp. 216-

one contact line on one of the flat endwalls of a cylinder and218).
Connected liquid regions bounded by disconnected free

dCenter for Microgravity and Materials Research, University of Alabama in surfaces arise in a variety of situations, espemally under mi-

Despite the fact that cylindrical containers are simpl
and widely used, knowledge of the shape and stability of a
equilibrium free surface of a capillary liquid confined within

Huntsville, Huntsville, Alabama 35899. crogravity conditions. For example, equilibrium liquids with
YElectronic mail: ida2@po.cwru.edu gaseous inclusions develop after damping of a disturbance
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= must be equal to zero. On the other hand, if a liquid region is

- bounded by a disconnected free surface, the total liquid vol-
@ ume must still be conserved

= Z,l Sv,=0, 1

but each connectivity component need not satisfy a separate
volume conservation condition. In other words, variations
ov; (i=1,2,...m) of individual gas cavity volumes may dif-
fer from zero. For example, the volume of each bubble
B shown in Fig. 1a) may be changed when perturbéskte
= dashed lines but the volume of a single bubb|&ig. 1(b)]
FIG. 1. (a) Configuration! (two connectivity componentsn comparison mgSt be kept constant. Qonsequently, the class of admissible
with (b) a system with a single connectivity component. Dashed lines cor—aXIS_ymmetrlc perturbatlons on each surface component
respond to perturbed free surfaces. Fi (| = 1,2,m) is broader. Hence, the “level of Stablllty”
of the system with a disconnected free surface may be lower
in comparison to a system that has only one of the connec-
tivity components as its sole free surface. For example, the
that results in splashing of liquid propellant in a fuel ta”k-stability of the systemi(=2) with connectivity components
Such disturbances may arise as a consequence of transiqnlt andT, may be lower than either of the systems that has
vibration, abrupt changes in spacecraft orientation or even f,, orl',, as its only free surface.
sudden transition to weightlessness following a sustained  However, it should be recognized that perturbations of a
thrust. Alternatively, voids and loss of a full contact betweenfrge surface connectivity component that change the volume
a melt and a cylindrical ampoule can occur during the isouf an individual gas cavity, also change the internal energy
thermal soaking stage of low gravity directional crystalliza- of the gas and liquid phases. In contrast to the destabilizing
tion experiments. The general mechanisms that might lead tgffect due to the increase in breadth of admissible perturba-
such conditions have been discussed in Refs. 9 an®é® tjons noted above, consideration of these internal energy
also references thergin changes leads to a stabilization effect. It is readily apparent
In this paper we analyze the stability of weightless liquid however, that this stabilizing effect cannot lead to a greater
bounded by disconnected free surface consisting of two conaye| of stability than a system subject to the constraint that
nectivity componentsmi=2) in a cylindrical container with 8v;=0, for eachi=1,2,...m.
flat bottoms. All possible configurations with connectivity Our analysis of the equilibrium stability for a system
components that represent a closed sphere or conform to\Gth a disconnected free surface is based on the basic prin-
portion of a sphere are considered. It is assumed that th@lple of minimum potential energy postulated by Lagrange

(b)

wetting anglea is constant over the entire solid surfaegl-  and Lyapunovsee, for example, Ref. 3, pp. 120—12Bc-
inder wall and two planar engisand the physical properties cordingly, a stable equilibrium corresponds to a local mini-
of the gas are uniform for different gas cavities. mum of potential energy.

For the equilibrium of non-rotating systems with capil-
lary liquids it has been proven rigorously that “static” sta-
1. EORMULATION OF THE STABILITY PROBLEM bility of a configuration Corresponding to a minimum of po-
tential energy is equivalent to the stability of that
When each connectivity component of a free surface isonfiguration obtained through dynamic analysis of the sys-
axisymmetric, the stability of the system with respect to nontem'’s stability. The latter involves perturbing the equations
axisymmetric perturbations reduces to the determination obf motion. For the system under investigation here, it there-
the stability of each connectivity component with respect tofore suffices to examine perturbations of the equilibrium
these perturbations. This is because nonaxisymmetric pertushapes rather than perturb the equations of mawdmvhich
bations of separate connectivity components have no effethe equilibrium equations are a subs&urthermore, for iso-
on the volumes of regions separated by these componenthiermal capillary liquids, an analysis of the system’s equilib-
However, because liquid volume must be conserved, theum can be accomplished far more easily through analysis
problem of the system stability with respect to axisymmetricof energy variations under admissible perturbations of free
perturbations cannot be reduced to separate stability protsurfaces within the system, than through an analysis of solu-
lems for each connectivity component. The only addmissiblgions of the perturbed equations of motion. The physical va-
axisymmetric perturbations are those which leave the volumédity of such an approach to the equilibrium stability of
of the liquid unchanged. For example, if a connected liquidcapillary liquids is well-established experimentally and has
region is bounded by a connected free surface, then onlgeen the subject of numerous publications, including the
zero-volume change perturbations to this region are admisearly work of Plateatt and the more recent work of Russo
sible. Thus, the variatiodv, of the gas cavity volume;  and Steert? Bezdenejnyktet al® and a review by Finf?
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For the system under consideration here, the variation of !

I.
the total energy is — @i — r—'_goi’ +a,0i+ &+ u=No;
I
SE=6Ug,+ 6Ug+ 8U = 6Ug,— SWg— W, (S11=S§<S;5; i=1,..m), ®
+6QL_ct+Qc_- 2 l1¢i=—@{ (Si1) + Xi1i(Si1) =0,
Hert_a,USur is the ggs—liquid surface energ;_}G andU_ are L,@i= ¢/ (Siz) + Xi2¢i(Si2) =0, ©)
the internal energies of the gas and the liquids and W,
represent the work done on the gas and the liquid, respec- e _JsiZ e
tively. The net heat flux is equal to zere@, g+ 6Qg_.. lspi=¢&—2T, St figids=0, (10
=0). Furthermore, W, =P v, =0 because the liquid is "
assumed to be incompressible, i.8y; =0. As a result, we | _E Si2 ds—0 11
are left with T silrigoi e an
m The equilibrium is stable to axisymmetric perturbations if
SE=06Ug,— oWg= Uy~ > P6v;, 3 A1>0, and is unstable ¥ ")<0. The above equations take
i=1

into account that the equilibrium surfadg is symmetric

whereP; andv; are, respectively, the gas pressure and vol-ibOUt the _aX|szi and has a para(Tetrlc ripres?n:jat_lqr}
ume of theith gaseous region. Taking into account the equi-_ri(ji)' zi—zi(sés)..Hehre,ri ' |0i ' a?] Zfi are the (I;y indrica
librium conditions that follow from the equalitygE=0 and  coordinates, ang; is the arc length of any axial sectioh

restriction(1), the second variation of the total energy can be™ C]f’nStFOfriH Tr:;s S,eCt'OE deterr;nnfs thef pr)]roflle (I)fb the
presentedsee Ref. Bin the form surfacel’; with end pointss;=s;; ands;=s;, of the equilib-

rium profile (5;1=<5;<sS;5). The function ¢;=¢;(s;) is a

m component of an axisymmetric perturbationlgfnormal to
SPE= 52U3ur_2 5P, 6w, . (4) I';, andu is an unknoyvn constant. The functier(s;) for
i=1 the case of zero gravity, and the boundary parameggrs

and y;, have the following form:

ai(s)=—(z/Ir)*=K4(s),

For a polytropic process in a real g&»}'= const, hence

nP; — — (12
P, =— — Sv; . (5 _ k(sjp)cosa—Kki; _ k(sjz)cosa—Kki,
' Xin™ sina r Xi2T sina
From (4) and (5) we then obtain i o ]
Here, k(s;) is the curvature of the equilibrium profile, and

m o ki; andk;, are the curvatures of an axial section of the con-
E=8Ug,+ nz — (612, (6) tainer at points of contact with the equilibrium profile. The
i=1 Vi boundary condition$9) are written for a doubly connected

where the positive second term on the right-hand side detefurfacel’s (both endss;=s;, ands;=s;, of the equilibrium

mines the stabilization effect mentioned above. The expoPrfile lie on a container wall If the ith surface is simply
nentn lies in the interval Xn=< 7, wherey is the adiabatic connected, one of the ends lies on the symmetry axighe

exponent of the gas. Thus, we have the lowest stabilizatiof®TéSPondingth boundary condition if9) must be replaced

for isothermal o=1) process, and the highest stabilization PY the requirement that the solutign be bounded at this
for adiabatic process. end. If I'; does not contact the container walh closed

Based on principle of minimum potential energy, the SPhere discussed abgyvep; must be bounded at both ends

method of calculating the stability of a disconnected freeN@t lie on the axig; . Finally, Eq.(10) defines the constant
surface was described in Refs. 15 and 16, and later in Ref. § - @nd(11) serves as an analogy to Hd) and enforces the
(pp. 207—218 (The adiabatic process considered therein carfonstraint that the liquid volume be conserved.

be generalized with no essential changes to the polytropic " @ddition to the problem defined by Ed8)—(11) we
process. For the polytropic process under consideration, theconsider an auxiliary problem with modified boundary con-

internal energy changes in the liquid and the gas influencditions corresponding to pinned contact lines. For doubly
the stability through mediation of the parameters connected and simply connectéd, these conditions have

the form
Ti=nPilov; (i=12,..m), @) ?i(Si1) = ¢i(si2) =0 and ¢;(s;2) =0, (13
whereo is the surface tension on the free surface. respectively. The boundary conditi¢h3) arise if all values
When a free surface bounding the liquid portion consistsy;; = xio=. Since the eigenvalues of problen®—(11)
of m>1 axisymmetric connectivity component§; (i increase with eachy;; and xi», then\!) is less than the

=1,2,...m), the problem of stability to axisymmetric pertur- smallest eigenvalug®) of the auxiliary problems8), (10),
bations is reduced to the determination of the sign of the&11), and(13). Thus, the inequalityy!)>0 is the necessary
smallest eigenvalug®) of the following spectral problem: condition for stability.
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Henceforth we will consider a cylindrical container and - =
two connectivity components with profiles that represent arcs o TR = Ro Q
of circles. Therm=2, and 3 T =

.S Si = N = Ti
ri(s)=R; S'nﬁiu Z(s) =R, Qi_Cosﬁi , (@) ~ -
(14
2 - ~ =
ai:_R_iZa T = ) = o
3 = ==(|
1 = R
Xi1= Xi2= ¥ Cota, (15 Ri . = 2
R; ) =

whereR; is the radius of the spherical surfabe, andq; is
a constant. I{15) one should use the+" (“ —") sign if I';
is convex toward the liquidthe gas.

Taking the relations given b§l4) into consideration, we
get the following solution of Eq(8) for A=0:

®i = Ci1Uj1(Sj) + CiUia(S)) + (& + p) i3, (16)
> 1+ cod —| In[ tan—
U;1=C0S—, Uijo= Co§ —|In| tanz=|,
i1l R| i2 R| 2R|
) (17)
R; FIG. 2. Geometry of the configuratidh for: (a) wetting liquid («<<90°);
Ui3:7- (b) nonwetting liquid («>90°; (c) the open system corresponding to
a<90°.

Here,c;; andc;, are constants, and,; andu;, are the so-
lutions of corresponding homogeneous equation, and are, re-

spectively, bounded and unbounded at the peirt0 that Finally, note that all systems Wi.'[h spherigal connectiyity
belongs to the axig, . Substituting(16) and (17) into Egs. components are stable to nonaxisymmetric perturbations.

(9)—(11), we obtain the following condition for the existence 1herefore, for these systems, we need only examine stability
of nontrivial solutionse; for A\=0: with respect to axisymmetric perturbations.

Do=detljuj,)=0 (j=1,..4; i=12; n=1.23).

(18 Ill. RESULTS
Equation(18) determines values of;; and x;, for which (1) Configuration lis the simplest configuration consist-
some eigenvalue of problent8)—(11) is equal to zero. The ing of two isolated spherical bubbles that lie within the bulk
smallest eigenvalua‘® may be equal to zero only %) liquid [Fig. 1(@)]. Introducing two dimensionless parameters
>0. To obtain the stability conditions, we first need to verify nP.R, R,
that 9Y>0 and then we seek the branch of solutions for A= . K=gy (19
whichA\(M)=0. This branch of solutions of E¢L8) will have 7 2
minimum values ofy;; and x;, that are greater than the the stability condition can be expressed as follows:
maximum values for all other branches. For this branch, the 2(3n—1)(1+K%
values ofy;; andy;, are critical and we denote them g§ A>A* = — IK(1+KD) (20

andy},, respectively. The equilibrium is stablenstablg to
axisymmetric perturbations if the values gf; and i, de-  Here, P is the pressure in the liquid, arii<1. It follows
termined by(15) lie inside (outside a stability region that is thatA* <0 inasmuch ag=1, andA>0 becausé, is posi-
bounded by a critical branch. This is the region where one ofive in equilibrium?’ The configuration is, therefore, stable.
the values, say,, is greater than the corresponding critical (2) Configuration Il consists of two spherical bubbles
value x7, provided that the other values qf, and x;, are  that are in contact with a common bottom or with opposite
equal to their critical values. bottoms[Figs. 2a) and Zb)]. We found that the stability
For each simply connected surfdcg we have only two  condition coincides with that for configuratidngiven by
functionsu;, andu;5 instead of three functiond.7), and the  (20). At first glance it might seem strange that the stability is
order of the determinaid is decreased by one. For edch  independent of the wetting angle. To gain better insight into
that is a closed sphere, we consider only the funatigrithe  this we compared the second variati6fE of the total en-
function u;; corresponds to an arbitrary transition of a ergies for the configurationsandll in the neighborhood of
spherical bubble that can be neglegteahd the order oD, their equilibrium points. The expression f6fE has the fol-
is decreased by two. lowing form?
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2 , =
Si2 14 r ’ ; i a
52E=2770'2 aiqoi—qoi——l_goi rieids R1 Ro
i=1J0 ri -
2 - -
2702, (s ei(sl el (S2) + Xizwi(Siz)] @ = =
2 2 = _
Sj = jm— 0
+47T20'2 Ti J Zri(,oids) . (21) - R_‘ - R2
i=1 0 @ _ .
For the systeml, the arclengths,,==R; and r(s;,)=0. . _ -
Hence, the terms in the second summation on the right-hand (b) - = =
side of(21) are zero.
The most dangerous situation for configuratiocorre- FIG. 3. Configurationl|! : (a) wetting liquid; (b) nonwetting liquid.

sponds to the case when perturbed surfdcesre closed

spheres concentric to the equilibrium sphelgs For this

case, the perturbations;=c; (i=1,2) are the constants re- which it resides. This may bring the system to a new stable
lated byc,= —K?c, that satisfy the liquid volume conserva- equilibrium state with a different geometry. For example, the

tion constraint. From Eqg21), we then obtain an expression free surface of the smaller bubble may be pinned to the edge

for the smallest value o8°E for the system: of a hole in the endwall and there will be no constraint on the
3n angle « for this bubble or, alternatively, the liquid may
8%E =4moc?| —2(1+ K%+ — (PR, +P,R,K%) |. simply drain through the hole.
g

The stability condition(25) can also be expressed in
(22) terms of T, andT,. For the configurationl , it has the form

For configurationll, the most dangerous case corre- 2(1+K%)
i= Ti+Ty> . 26
spond; to pertu_rbed .surfacds (|. 1,2) that represent 1+ T wR‘l‘(1+COSa)2(2—c05a) (26)
spherical caps with their centers displaced along the zxes
for distancese; with respect to the centers of equilibrium Before concluding this section, we consider the type of
capsl’;. The perturbed surfaces, like the surfatgs meet  “partly” open systems that correspond to the configuration
the flat endwalls at angle, so thate;=—(R,—R;)cose, Il. Here, one of the gas cavities is connected to a large gas
whereR; is the radius of the perturbed sphdte Then reservoir. For the casg,=0 andT,>0, when the cavity
1 bounded byl', (R,>R;) is connected to the reservoir, the
S, g ey
@i=— fi( — + cosﬁ'_) (i=12), e=—K2, stability condition
' 293 n(2+ P Ry /0)>2(1+K*/3, (27

is always fulfilled forP_>0. When the smaller radius cavity,

and the smallest value &PE for configurationl! is : _
I'y, is connected to the reservoir, thép=0 andT,>0, and

2+ 2 cosa+ Sir? a cosa - -
8%E, = mrei( — )| 2(1+K the stability condition
n(2+ P Ry/0)>2(1+K%/(3K%), (28)
3n is fulfilled for relatively largeK and fails at smalK
+— + Y| IS U y largeK and fe L
g (PaRy+P2RK )} (24) Thus, whereas the configuratibinin a closed cylinder is

stable for positiveP, , the system shown in Fig.(@ is al-
ways unstable. The related system with=0 andT,>0 is
stable, while the stability of the system wilh =0 andT,
>0 depends on value df.

The expression&22) and(24) are identical to within a posi-
tive factor that depends oa. Thus, the stability conditions
for configurationsl andll are also coincident. Notice that,

for stability, (3) Configuration IIL Although in this configuration a
4 3N 4 free surface consists of a closed sphere and a spherical cap in
—2(1+K%+ ?(P1R1+ P,R,K*)>0. (25 contact with a planar bottoitirig. 3), its stability condition is

o ) N N distinct from those of configurationsand Il. The param-
This is equivalent to the stability conditid@0). ~ eters(19) are employed again and the subscript 1 is taken to
The first term in(25) is related to surface forces and is (efer to the closed sphere. Now the valuekofmay be less

negative. This means that the system is always unstable if thgan equal to or greater than one. The stability condition has
work done on the gas is negligible. This is true for theihe form

* oper system, in which each gas cavity is in contact with a .

large gas reservoir such thaf and v, are both larggFig. A>A

2(c)t]. l:)l’htt? Iossf (t)rf1 s;ab%i%) of the open iy;:em subjeg: to 2(3n—1)(2+2 cosa+sir? a cosa+4K?) 9
perturbations of the for causes one of the gas cavities =— - 3 .

to spread along the endwall and results in a decrease in con- 3K(2+2 cosa+sin a cosa-+4K”)

tact area between the other gas cavity and the endwall o8inceA is always positive, this configuration is stable.
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o« = o o= =

Rz _ @R'I
= = —— = =

(0)

FIG. 4. ConfigurationV: (a) «<90°; (b) a>90°. (b)

FIG. 5. ConfiguratiorVV: (a) wetting liquid; (b) nonwetting liquid.

It is useful to consider the case of the partly open system
where the bubble on the endwall is connected to a large

volume reservoir T,=0). In this caseA* takes the simpler Adain, even in the limiting case of,=, the system is
form stable forP >0.

(6) Configuration VI Here we consider the case when

4 g

AF = i 1—3n+ 4K (30) I'; is a spherical cap in contact with one of the flat endwalls,
2+2 cosa+Sirf a cosa’ andI, is in contact with the cylindrical wal(Fig. 6). For

S 3K
This system is less stable than for a closed cylinder. In parfiS _system, the —combination of ~perturbationg,

ticular, it is always unstable i is close tor. = ey([1/cosa]—[cost, /Ry)]) and ¢,=C,C0S6,/Ry) is the
(4) Configuration IV In the sketches shown in Fig. 4, the most dangerous. The stability condition assumes the form

cross sections of these configurations have a liquid bridge 2
type appearance. However, their stability conditions are dis- T1+T2>
tinctly different from those of liquid bridges between flat
plates(see Ref. 3, pp. 154-156, and Refs. 18)-28 the If the system is openi(; = v,=), then stability is im-
configuration under consideration the free surface consists ¢fossible. However, for a closed cylindrical container, we use
two spherical caps that are in contact with a cylindrical wall(32) to obtain
(Fig. 4). The cap radii are equal because the wetting angles nP,
are the sameR;=R,=R,/|cosa|, whereR, is the cylin- 3KA+2(3n—1)+ rrR‘l‘(2+2 cosa + sir? a cosa) —->0,
der’s radiu$. This configuration is always stable. To prove it TV2 (33)
we first considered the corresponding open system in which
both domains occupied by a gas are in contact either with agnd then reach the conclusion that at least Rpr>0 the
infinite space ¢,=v,=x) or with themselvesthe latter ~System is stable. The related partly open system With
case is possible sindgs;)=k(s,)). Such a system is neu- =0 (v2=) is also stable. However, for the partly open sys-
tra”y stable Q\(l): 0) C|ear|y, the open System isin a po- tem with T1=0, the Stablllty depends on values of the pa-
sition of indifferent equilibrium since the liquid configura- rameters. In particular, such systems are unstable for large
tion may be rigidly translated along the axis of symmetryOr for the wetting angle close to 180°.
without variation in the system energy. Such displacements
are the most dangerous perturbations. In a closed cylinder,
the configuration is stabilized\(*>0) by internal energy of
the system. The same is true for a partly open cylinder when
only one of gas cavities is in contact with an infinite space.

(5) Configuration V Let us assume thdt,; relates to a
closed sphere anll, to a spherical cap in contact with a
lateral wall (Fig. 5). For this case we found that the most (a)
dangerous perturbations correspond ¢g=c; and ¢,
=, c0s,/Ry). The functione,(s,) describes the perturba-
tion that shiftsT", along the cylinder’'s axis. The stability
condition for this configuration can be presented in one of
two equivalent forms

- . 2
mR}(2+ 2 cosa + sirf a cosa) (32)

TiAT,>—— 3KA+2(3n— 1)+ 4mREN 250 (b)
1T 1o m or (3n—1) T 10_112 .

(31 FIG. 6. ConfiguratiorV1: (a) wetting liquid; (b) nonwetting liquid.
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()

FIG. 7. Configurationga) V11 and(b) VIII, for 135°<a<180°. 2k

(7) Configurations VII and VIl The remaining configu- | ‘ . ’ , ) ) )
rations contain a doubly connected surface that conformstoe 135 140 150 160 170 180
portion of a sphere with one contact line on the lateral wall
and the another on the flat endwall. Such a surface can exist
only for 135<a<180°. Whena— +135°, all the configura- FIG. 8. Producty* R of critical boundary parameteg, times the spherical
tions in a closed cyIinder are stable due to the Stabinzingsurface rad_iusR, as a. funct.ion of the wetting 'an_gla, for open systems
effect of the internal energy. In this case, the volume of the E‘r’gg:]r‘c%(ts (C:rf'ggtrzt)'%?é;naggﬁ: 'V;TS(';;L?: ;‘ Dash line relates
gas cavity tends to zero and, hence, the associated parameter
T, tends to infinity.

In configurationVIl, both connectivity components con-
form to the surface described abojfeg. 7(@)]. In configu-  culations show that the actual valye=—(1/R)cota is
ration V11, the second connectivity component is a spheri-greater thany* (see Fig. 8 and, hence, the open system is
cal cap in contact with the cylindrical waJFig. 7(b)]. In  stable.
these cases, the algebra necessary to olyfaiand ;5 from For the open system related to the configuratial ,
Eq. (18) is too cumbersome to yield a closed form expres-Eq. (18) yields a cubic equation iy. For this case we also
sion. Instead, the related stability problems were solved usfound that the actual value af exceeds the critical on@ee
ing MATHEMATICA .24 Fig. 9).

We have found that both these configurations are always (8) Configuration IXis bounded by a portion of a sphere,
stable even when the system’s internal energy is neglected’,, and by the surfacE; of a bubble inside the liquidFig.
Indeed, for configuratiorVll, R;=R,=R and x11=x1»  9). The stability condition assumes the form
= x21=X20= x= — (1/R)cota. We first verified that for the .
related open systern(!)>0. Then, for this system, we set T>T*=11(a,Q), (34)
& =0 in (16), eliminated the conditiori10) and obtained a \here
quartic equation iry from Eq.(18). The critical valuey* for .
the open system is the largest real root of this equation. Cal- T=7Rg(T1+T5), (35)

Wetting Angle o [deg]

2 cos a
f(e,Q)= 2Q% 3sirf a—sina cosa+ 2 tana+ cos « In[tan(a/2— w/4)tan(/2)]’

(36)

and Q=R;/Ry. For any givenQ (0<Q<1), the function byT, is assumed to be in contact with a large gas reservoir,
f,(«,Q) increases monotonically fromo to 0.5Q % asa  for example, through a hole in the endwalh this case,
varies from 135° to 180°. It can be easily verified that the

value ofT is always greater than 0@ * even for the case of P,= 20(R1_1+ Ry b, (37)

a partly open system witff,=0. (Such a system can be

realized ifP,=0 or if v,=o, when the gas cavity bounded for P,=0, so that
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FIG. 9. Sketch of the configuratioX (135°<a<180°.

T=7RinP,/ov;=1.5n(1—Q cosa)Q %,

andT>0.5Q

(39)

~4 since I=n<7. Thus, the partly open sys-

tem is always stable due to the stabilizing effect of the gas

inside the
more stable.

“isolated” bubble. The closed system is even

(9) Configuration Xhas a free surface consisting of the
portion of a spherel’,, and a spherical cagp;,, in contact
with the bottom(Fig. 10. The configuration’s geometry is
conveniently characterized by the ratio of the radius of the
contact line on the endwall to the cylinder’s radius,
= —Ktana (0<G<1). First we found that the corresponding
open system is unstable. Then we calculated the critical val-
ues of the parametdr[see Eq(35)]. In contrast to configu-
ration X, the critical valuesT* cannot be presented in ana-
lytical form. For the cases @=0.1, 0.5, and 0.9, computed
values are shown in Fig. 11. Values Bf like those for the
previous configurationX are independent of. For any
fixed G, the T* values increase monotonically frorre to a

limiting value L=L(G) as the wetting angle varies from

135° to 180°.

By estimating the actual value dffor partly open sys-

tem corresponding td,=

7RI P,
= —sz(alGln)l
oV
where
6n sin® a(sina— G cosa)
fo(a,G,n)=

0, we were able to ascertain that
such a system is stable. Indeed, us{&@), we obtain

Stability of disconnected free surfaces in a cylindrical . . .

2807

27000 T T T T
(a)
T+ 24000 -
21000 : : . .
50 T T T T
T 30 -
10
4 T T T T
()
T 2 - -
O ] I ! 1
135 140 150 160 170

Wetting Angle o [deg]

(39) ration X are stable.
In contrast, the related partly open system wiith=0 is
always stable only for values from some neighborhood of
135°. In this intervalT* is negative. The greater the value of

(40)

For givenG andn, the functionf, increases withy from its

minimum valueM =M (G,n) at a=135° and tends to infin-
ity as a approaches to 180°. Note thisk is always greater
than thelL for the sameG. For example, foG=0.1, 0.5, and

G? (1+cosa)?(2—cosa)

0.9 (illustrated in Fig. 11, M=71049, 155, and 18.7, re-
spectively, for the most dangerous casenefl. Thus, T

.............

and is unstable at lowP,.

IV. CONCLUSIONS

180

FIG. 11. Dependence of the critical valuebn the wetting angle for the
configurationX with: (a) G=0.1; (b) G=0.5; (c) G=0.9.

>T* for the partly open system withi,=0. This means that

both partly open system with,=0 and the closed configu-

G, the wider the interval. IfT* is positive, the stability de-
pends on the value df,, i.e., on the pressui,. The partly
open system under consideration is stable at high pressure,
It follows from Fig. 11 that for
given values ofae and T, the partly open system witfi,

=0 is stable atG close to unity, and is unstable at sm@ll

Generally a disconnected surface has the same or lower

level of stability compared with the worst stability conditions

o for cases when eadh; is considered as the sole connectivity

-----------

FIG. 10. ConfiguratiorX (135°<«<180°).

component. Using simple problems we have demonstrated
that an important effect of disconnectivity on the stability of
the free surface of a liquid in a partly filled container is the
stabilizing effect of the system’s internal energy. Indeed, for
the cases we considered, the sole connectivity components

have identical “levels” of stability—that is, they are stable.
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